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Modeling Legged Microrobot
Locomotion Based on Contact
Dynamics and Vibration in
Multiple Modes and Axes
A dynamic model is developed for small-scale robots with multiple high-frequency actu-
ated compliant elastic legs and a rigid body. The motion of the small-scale robots results
from dual-direction motion of piezoelectric actuators attached to the legs, with impact
dynamics increasing robot locomotion complexity. A dynamic model is developed to
describe the small-scale robot motion in the presence of variable properties of the under-
lying terrain. The dynamic model is derived from beam theory with appropriate bound-
ary and loading conditions and considers each robot leg as a continuous structure
moving in two directions. Robot body motion is modeled in up to five degrees-of-freedom
(DOF) using a rigid body approximation for the central robot chassis. Individual modes
of the resulting multimode robot are treated as second-order linear systems. The
dynamic model is tested with two different centimeter-scale robot prototypes having an
analogous actuation scheme to millimeter-scale microrobots. In accounting for the inter-
action between the robot and ground, a dynamic model using the first two modes of each
leg shows good agreement with experimental results for the centimeter-scale prototypes,
in terms of both magnitude and the trends in robot locomotion with respect to actuation
conditions. [DOI: 10.1115/1.4035959]
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Introduction

This work examines the interaction of structural and contact
dynamics in locomotion of small (<10 cm), elastic terrestrial robots
operated near resonance. Many approaches have been applied to
the general study of robot walking dynamics, but small-scale and/or
elastic behaviors can add complexity. For large-scale robots and
structures, two approaches to dynamic modeling are extensively
used: rigid body models and elastic models. Most dynamic models
of large-scale robots use lumped mass, spring, and damper approxi-
mations [1,2], though continuous elastic models have also been
used for some structures with compliant behavior, typically robot
arms described in modal form [3,4].

While large-scale robots are more likely to be actuated with
motors at distinct joint locations, small-scale robots often feature
compliance throughout or over large portions of their structure.
Additionally, locomotion is influenced by light damping compared
to larger systems, large fabrication uncertainties relative to the size
of structural features, and relatively high resonant frequencies [5,6].
This is especially prevalent in robots based on smart materials and/
or micromachined structures. Integrating the resulting vibration
behavior with other dynamic interactions encountered by small-
robots, such as foot–terrain impact, has yet to be studied in detail.

Understanding the dynamics of walking microrobots is impor-
tant for design, estimation, and control of efficient locomotion [7].
However, what work has been done on dynamic, small-scale robot
locomotion has varied dramatically based on robot design, actua-
tion principles, and operating environment. For example, a previ-
ous small-scale (millimeter- to centimeter-scale) robot study
showed the importance of dynamic analysis for a type of walking
microrobot with multiple pairs of legs, but the study was

performed under assumptions of ideal foot–ground contact with
excitation from an external vibration field [8]. Other works have
measured dynamic performance without detailed analysis [9].
Works focusing on small-scale effects in microrobots using an
analytical framework have addressed more limited types of gait or
operation, including: (1) stick–slip walking on a smooth surface
[10]; (2) multi-axis, multilayer elastic leg dynamic operation in
air [11,12]; and (3) ground contact of a single leg [13]. Studies of
small robot dynamics at a full-robot level have included finite ele-
ment analysis [14] and use of lumped parameter models dictating
interaction between legs and body [5,6], including with some
foot–terrain interaction [15]. A summary of the above combina-
tions of robot and ground contact dynamic modeling techniques is
compared in Table 1 for various walking robots with sizes ranging
from tens of centimeter to tens of microns.

Unlike these existing works on dynamic locomotion of small-
scale walking robots, this paper focuses on the problem of how to
effectively account for elastic behavior in miniature robot legs
with ground contact. Specifically, we identify an appropriate
model for interaction between an elastic robot leg and contact
dynamics from ground impact, and highlight some notable result-
ing phenomena that have influence on the effectiveness or speed
of robot locomotion. The model is then verified experimentally
using two different centimeter-scale prototypes.

The prototypes used in this study employ piezoelectric actua-
tors bonded to three-dimensional (3D)-printed bodies. Their geo-
metries are designed with legs that have coupled in-plane and out-
of-plane dynamics, range of motion, and operating frequencies
representative of even smaller, millimeter-scale piezoelectric
microrobots made with silicon micromachining [11]. In addition,
the two prototypes were fabricated at different size scales, where
the larger robot has dimensions of 4� 7� 1 cm3, and the smaller
robot has dimensions of 1.6� 3.0� 0.4 cm3. These small-scale
robots have a combination of rigid and compliant structures as
well as significant influence of ground contact behavior, resulting
in dynamics which demonstrate greater complexity than has been
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analyzed in prior walking robots of similar size. The proposed
model captures motion across multiple legs having multi-axis
modal behavior, building upon prior studies of small-scale
appendage and single-foot ground contact [13,15]. Some prelimi-
nary results have been presented in the authors’ previous confer-
ence publication [16]. This paper further extends our model with
better damping characterization, expanded results for vertical and
axial dynamics, and additional results from a smaller prototype to
examine scaling effects. The experimental behaviors of the
centimeter-scale 3D-printed prototypes are compared with simula-
tions from the dynamic model. Key results include predictions of
the direction and amplitude of robot motion under different actua-
tion signal conditions, with more detailed measurements and sim-
ulations of vertical motion of the legs. Sensitivity of robot motion
over different robot parameters is also analyzed to provide a basis
for the design of robot locomotion and parameter optimization.

Model Description

General Robot Architecture. Robots studied in this paper
include small-scale (<10 cm) walking robots with multiple pairs
of elastic legs connected by a rigid body. Figure 1 shows a sche-
matic view of a robot with 2n legs, each of which may be modeled

Table 1 Comparison between existing modeling of small-scale robots

Reference Size Leg Dynamic model Contact dynamics Comments

[16] 80 mm [16] Piezoelectric; six legs Multiple modes Modeled in two
directions

Further studied in this
paper30 mm (new for this

paper)
Millimeter scale [11]

[17] 53 cm; 7 kg Motor actuation; six legs Rigid body and lumped
MKB leg model

Restrict contact angle

[1,2] 155� 116� 70 mm Motor actuation; six legs Rigid body leg model Qualitatively analyze legs Mimic cockroach
locomotion

[18] 10 cm; 16.2 g Motor actuation; six legs NA NA Survive under large
impact

[19] �10 cm; 90–190 g Motor actuation; four legs NA NA Overcome 3.8 cm
obstacle

[20] 9 cm long Motor actuation; four legs NA NA Overcome large obstacle

[21] �3 cm; 2.4 g Shape memory alloy
actuation; six legs; 2.4 g

NA NA All parts on board

[14] 30� 20 mm2 Seismically vibrational
actuation; three legs; two
arms

FEA modal analysis;
motion not modeled

Bouncing; not modeled Frequency up to 2000 Hz

[22,23] NA Piezoelectric actuation Multilayer beam piezo-
electric actuated leg

NA Focused on the swarm
control pattern

[5] <10 cm; 2.2 g Piezoelectric actuation;
20 legs

Horizontal plane; Euler
Lagrange equation; low
frequency; rigid body
lumped MKB system for
segmented robots

Two states: stance and
swing;
undulatory gaits

Low-frequency
actuation

[6] 3.5� 3.5� 1 cm; 750 mg Piezoelectric actuation;
six legs

[8] 1.5� 0.7 mm External vibration reso-
nant actuation; six legs

Lumped MKB system;
2DOF; without motion
prediction

Impact; not modeled Supporting legs always
stay on ground

[24] 15� 5 mm Thermal actuation; eight
legs

NA NA 2500 mg payload; 1DOF;
�100 Hz

[9] 1� 1� 0.5 cm; 127.5 mg Electrothermal actuation;
96 legs; 127.5 mg

NA Stick and slip microrobot
without dynamics model

Stick and slip microrobot;
2DOF

5� 5� 0.5 mm; 32 mg Electrothermal actuation;
90 legs

1 DOF

[10] 12� 12� 10 mm; 4.5 g Electrothermal actuation;
eight legs

Stick and slip; 1DOF;
lumped MKB system

Coulomb friction model Li-polymer battery;
payload< 9 g

[11] NA Piezoelectric actuation Moments of inertia leg
model

NA Not a full robot

Note: MKB: mass–spring–damper, FEA: Finite element analysis, and DOF: degrees-of-freedom.

Fig. 1 Schematic of a generic microrobot with 2n elastic legs
connected to a rigid body. The motion of each foot in the y- and
z-directions is modeled by two separate mass–spring–damper
systems. (Color figure can be viewed online)
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using stiffness and compliance matrices. The motion of each foot
in the y–z plane is examined (in the directions of robot forward
and out-of-plane motion from ground). Motion in these 2DOF
under proper operating conditions may produce locomotion
against friction and gravity forces acting on the robot. In Fig. 1,
parameters kj,i and bj,i represent the spring constant and damping
coefficient of the ith mode of the jth leg (where i¼ 1, 2 corre-
sponds to the y- and z-directions, respectively). In addition, each
leg is taken to have a known nominal gain with respect to voltage
and ratio between motions in y- and z-directions for relevant
vibration modes.

This general architecture is inspired by a type of millimeter-
scale, piezoelectric and polymer thin-film robot fabricated with
micromachining, shown in Fig. 2(a), with a rigid body and multi-
ple pairs of legs on both sides of the body. The legs are made of
parylene and silicon microstructures actuated by thin-film lead zir-
conate titanate (PZT) [11]. Figure 2(b) shows legs designed with
2DOFs, vertical and in-plane, that are connected in series to pro-
duce approximately elliptical motion from each appendage. To
date, these robots have only been successfully actuated within the
silicon chips on which they are built [11]. However, they have
shown relatively large ratios of actuation force to the amount of
electrical energy required to drive the piezoelectric actuator, mak-
ing them promising for future autonomous locomotion.

The same robot modal behavior may be realized through other
robot designs, which can allow for rapid prototyping and

evaluation of dynamics over more varied surfaces and operating
ranges. The current study is performed using two different
centimeter-scale six-legged prototypes, made with a 3D-printed
polylactic acid (PLA) frame bonded with piezoelectric ceramic strips
as actuators (Fig. 3). The asymmetric leg actuation of both robots
can be modeled with coupled modal dynamics in two directions, the
model framework inspired by the millimeter-scale robots [11].

Leg Model

General Description. Actuation from embedded piezoelectric
actuators operating near resonance is intended to generate leg dis-
placements in pseudo-elliptical trajectories, driving the robot for-
ward as contact is made with ground. The current analysis
assumes that equal numbers of legs are being actuated in and out
of phase at the operating frequency, i.e., exchanging between sets
of three legs in a simple hexapod gait.

In the centimeter-scale prototypes developed in this study, the
compliant leg takes the form of a misaligned or an asymmetric
cantilever beam. Uniform deformation of piezoelectric cantilever
microactuators has been studied in some detail [25,26], and beam
dynamics are compiled into a conventional modal format in this
analysis.

Leg Dynamics. The uniformly distributed piezoelectric actua-
tion force within the beam and point contact force acting on a
robot foot, as functions of time, cause the time response of the
beam. The analytical solution of the forced response of such a
beam, in the vertical direction, is given in a previous study (Eqs.
(8.110)–(8.116) in Ref. [27]). The effective force (Qi) acting on
the ith mode could be derived as

Qi ¼

ðL

0

f xð Þwi xð Þdx

qA

ðL

0

w2
i xð Þdx

(1)

in which f(x) is the force as a function of position, x, along the
cantilever beam; q is the density of the beam; and A is the cross-
sectional area. With the effective mass for point impulse force
(mi;imp) and uniformly distributed pulse force (mi;pls), the final
form of the impulse (Qi;imp) and pulse (Qi;pls) effective force is

Qi;imp ¼
wi Lð Þ

qA

ðL

0

w2
i xð Þdx

fimpd t� timpð Þ ¼
1

mi;imp

fimpd t� timpð Þ (2)

Fig. 2 Photo of (a) a silicon micromachined millimeter-scale
microwalking robot and (b) legs detail of the microrobot [11]
(Color figure can be viewed online)

Fig. 3 Photograph of both centimeter-scale walking robot pro-
totypes with schematics of leg construction for each. The
80 mm prototype (top) uses a single-beam leg design with a
misaligned PZT actuator, and the 30 mm prototype (bottom)
uses a double-beam leg design with a PZT actuator on one
beam and the other beam left unactuated. (Color figure can be
viewed online)
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Qi;pls ¼

ðL

0

wi xð Þdx

qA

ðL

0

w2
i xð Þdx

Fpls ¼
1

mi;pls

Fpls (3)

in which wi is the displacement function of ith mode; q is the area
density of cantilever beam; A is the cross section area of the
beam; and fimp and fpls are the impulse force acting on the end of
beam and the equivalent piezoelectric force acting on the entire
beam.

For derivation of the leg model, modes for each robot leg and
foot system are assumed to be independent from each other due to
the assumption of a rigid central robot body. Leg models are
derived from standard multilayer beam analysis [25] such that a
state space form can present the system behavior as follows:
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5 (5)
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0 1

�kji �bji

" #
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0 0

1

mi;imp
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2
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3
75 Xji ¼

xji

_xxji

" #

(6)

in which j is the leg number; kji and bji are the spring constant and
damping coefficient, normalized by effective mass, with respect
to each mode for leg j; zj is the jth foot displacement in the vertical

direction; xji and xji
_ are the displacement and velocity for the ith

mode of the jth leg; fimp is the impulse force acting on the tip of
leg; fpls is the pulse force acting uniformly on the entire leg;
d t� timpð Þ is the Dirac delta function representing when impulse
force occurs (timp); and mi;imp and mi;pls are the effective masses
for the ith mode for the impulse and piezoelectric forces. In simu-
lation, the state space form is discretized. Gravitational force on
the leg and the internal piezoelectric actuation force are treated as
uniformly distributed, while ground contact force and the weight
of the robot’s foot are treated as acting on a single point at the tip
of the leg.

The actuation architecture is confirmed with finite element
analysis in COMSOL MULTIPHYSICS, as shown in Fig. 4. To perform
multi-axis modeling, it is assumed that: (1) the motion in z- and y-
directions is coupled, which means their systematic parameters
(modal frequency and damping) are identical and (2) the actuation
force in z- and y-direction is different, but related by a constant
proportionality coefficient.

Contact Model: Friction and Restitution. The contact dynamics
of microrobotic appendages at the current size scale was previ-
ously studied in Ref. [28]. A continuous contact model is chosen
because it is a force-based model for use with the leg dynamics
from Eq. (4). To relate contact behavior with measurable velocity
data, the robot is modeled with Newton’s restitution model, in
which the coefficient of restitution is related to the change of
velocity before and after contact.

A basic modeling method of restitution and friction is applied.
Both forces are assumed to happen during a short period of time.
The contact between a foot and ground is modeled simply by the
coefficient of restitution (cr) from Newton’s model and the coeffi-
cient of friction (cf ) from the dry friction model [28]. Considering
the velocity in y- and z-direction before (vyo, vzo) and after contact
(vyf , vzf ), behavior during contact is modeled as

vzf ¼ �vzocr (7)

vyf ¼
max 0; vyo � cf vzf � vzoð Þ

� �
if vvo > 0

min 0; vyo þ cf vzf � vzoð Þ
� �

if vvo � 0

(
(8)

It is assumed that the ground has infinite mass and negligible com-
pliance, and that the friction does not influence vertical motion.
The lateral change in velocity (Eq. (8)) is derived by treating the
effective impulse force implied by Eq. (7) as the normal force in
friction calculation. The coefficients of certain sample ground
surfaces will be identified for simulation in the Model Validation
section.

Body Model

Five Degrees-of-Freedom Versus Three Degrees-of-Freedom
Interactions. The robot body could be considered as a rigid body
with 6DOFs. The standard moments of inertia in three directions
(Ix, Iy, Iz) quantify rotational inertia. The forces acting on the body
arise from the spring and damper equivalents in the leg/foot
model, acting on the connection points between the legs and the
body. Since six legs are symmetrically connected to the body,
their forces in two (z and y) directions are considered, but lateral
(x-axis) forces are omitted from this analysis.

First, the distances from the body’s center of mass to the legs
are given in vector form (x, y, z). When calculated for the small-
scale robots, this takes the form

x ¼ lx;1 lx;2 � � � lx;2n½ �; y ¼ ly;1 � � � ly;2n½ �; z ¼ lz;1 � � � lz;2n½ � (9)

in which lx,i, ly,i, and lz,i are the x-, y-, and z-direction distances
from the exterior 2n legs to the body center of mass (the geometry
is considered symmetric, which means the two middle legs have
y-directional distance equal to zero). The total forces transmitted

Fig. 4 Finite element analysis (FEA) illustration of leg dis-
placement in Y- and Z-direction of 30 mm centimeter-scale pro-
totype (bottom) and 80 mm centimeter-scale prototype (top)
(Color figure can be viewed online)
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from the legs for the centimeter-scale robot prototypes are enum-
erated by vectors

Fyl ¼ F1;y F2;y � � �F2n;y½ �; Fzl ¼ F1;z F2;z � � � F2n;z½ � (10)

with Fi,y and Fi,z being the forces from the ith leg acting on the
body in the y- and z-directions, respectively, for an n-legged robot.
Total moments and forces acting on the body are simply

Mx ¼
X

Fzl: � y; My ¼
X

Fzl: � x; Mz ¼
X

Fyl: � z (11)

and

Fx ¼ 0; Fy ¼
X

Fyl; Fz ¼
X

Fyl � mg� cdv2
z (12)

Here, Fx, Fy, and Fz are the summed forces acting on the body in
x-, y-, and z-directions; m is the mass of the body and g is the
gravitational constant. cdv2

z is an air viscosity term, which is small,
influenced by the air viscosity and the body z-direction velocity.
Fx is assumed to be zero since the x-directional translational
motion is relatively small from both calculation and experiments.
Furthermore, the tilting in the x- and y-direction only has small
displacement compared to the overall motion of robots. However,
the randomness and uncertainty in x- and y-directional tilting have
large influence on the forward motion of the robot since they
would change the moments of foot–terrain interaction and when
individual leg impacts. Therefore, a 3DOF interaction between
body and legs is sufficient to describe the robot at small scale.

Relative Motion. The relative motion between a foot and body,
foot and ground, and body and ground dictates the effects of foot
impact with ground. The body motion relative to ground is impor-
tant to reflect body states, which is measured experimentally over
a long duration of time. The foot motion relative to ground is nec-
essary for contact performance calculations. The foot motion rela-
tive to the body is applied to calculate the force between leg and
body. During simulation, for example, once the foot motion rela-
tive to the ground is calculated, the foot motion relative to the
body is needed to find the influence of foot motion on the body.

Assuming body motion and foot motion relative to ground are
known from simulation, the foot motion relative to robot body is
determined by the following equations:

zf ¼ zf b � zb 6 xb sin #b;yð Þ6yb sin hb;xð Þ
� �

(13)

vz;f ¼ vz;fb � vz;b6vx;b cos #b;yð Þv#;by6vyb cos hbxð Þvh;bx

� �
(14)

yf ¼ yf b � yb 6 x sin #b;zð Þ6y sin hb;xð Þ
� �

(15)

vy;f ¼ vy;fb � vy;b 6 x cos #b;zð Þv;#bz6y cos hb;xð Þvh;bx

� �
(16)

in which xb, yb, zb, vx;b, vy;b, and vz;b are the body displacement
and velocity in x-, y-, and z-directions relative to ground; hbx, hby,

hbz, vh;bx, vh;by, and vh;bz are the body rotation and angular velocity
in x-, y-, and z-directions relative to ground; zf b, vz;fb, yf b, and vy;fb

are the z-directional foot displacement and velocity and y-directional
displacement and velocity relative to ground; zf , vz;f , yf , and vy;f are
the z-directional and y-directional foot displacement and velocity,
relative to body; and x, y, and z are the perpendicular distances
between the body mass center and foot location, which is different
for each foot. The 6 signs in the equations are determined by the
positive rotational direction of each axis and the location of each
foot.

If the body motion relative to ground and the foot motion rela-
tive to body were given, the calculation of foot motion relative to
the ground would be the backward calculation of the equations
shown above. In simulation, the model is implemented using a for
loop. Inside each loop, each foot’s states determine whether that
foot is in contact with ground. If so, the contact simulation is
active; otherwise, the simulation mimics the free in-air motion of
robot.

Model Validations

Parameters: Material Properties, Friction, Restitution; Iden-
tified Parameters

Detailed Prototype Design. Both centimeter-scale prototypes
are designed with six legs connected to a rigid body; however,
each prototype employs a different design for leg geometry. The
large centimeter-scale prototype (referred to as the 80 mm proto-
type in all later sections) is designed with single-beam legs actu-
ated with bimorph piezoelectric ceramic strips, where each beam
has a foot at the tip. The piezoelectric ceramic actuators are inten-
tionally misaligned with the PLA leg frame (Fig. 3), which gener-
ates a bending moment in the leg with vertical and lateral
components. The small centimeter-scale prototype (referred to as
the 30 mm prototype in all later sections) uses a different leg
design, where two beams are connected with a single foot at the
tip. Only one of the beams is bonded with a unimorph piezoelec-
tric ceramic strip, again causing foot motion in two directions.
The major characteristics of the 3D-printed centimeter-scale robot
prototypes, in comparison to a millimeter-scale version, are
described in Table 2. The dynamic model for the millimeter-scale
version will be modified from the work presented in this paper.
Major parameters of the millimeter-scale version are listed to
show the scale difference compared to the prototypes.

Vertical motion of the legs lifts the robot body against gravity,
while the in-plane motion is the key feature to move the robot for-
ward. The actuation force tilts the legs about their neutral axis to
generate coupled dual-directional motion. The coefficient between
the motion amplitudes in the two directions is determined experi-
mentally. For example, the 80 mm prototype with 60 V input has a
vertical deflection of about 166 lm near resonance. As shown in
Fig. 4, the FEA confirms this actuation behavior for both proto-
types. The FEA gives the leg deformation within the same range
of measurement. However, due to limited resolution when

Table 2 Major characteristics of the mesoscale robots and a sample microfabricated prototype

Features 80 mm prototype 30 mm prototype Millimeter-scale robot

Mass 4.4 g 379 mg 2.1 mg (unloaded)
200 mg (with payload)

Body length 36.4 mm 16.5 mm 10 mm
Body and leg thickness 2.0 mm 0.59 mm 30 lm
Leg number 6 6 30
Leg length 27.9 mm 9.4 mm 3.5 mm
Leg width 2.2 mm 0.95 mm 60–200 lm
Piezoelectric strip 31.8� 3.2� 0.48 mm3 11� 0.95� 0.12 mm3 0.9 lm thick
Foot length 4.7 mm 1.4 mm 150 lm
Foot width 4.7 mm 1.4 mm 150 lm
Foot thickness 10.7 mm 3.4 mm 70 lm

Journal of Vibration and Acoustics JUNE 2017, Vol. 139 / 031013-5

Downloaded From: http://vibrationacoustics.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/jvacek/936126/ on 06/13/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



fabricating prototypes, the FEA is unable to predict the exact
dynamics of each individual leg. Therefore, empirically determined
parameters are used to model the resonant modes of each leg.

In the full robots, a simple tripod gait is produced by actuating
legs 1, 3, and 5 with the same voltage signal while the other three
are actuated with the signal out of phase. For the 80 mm proto-
type, the actuation signal is nominally a 60 V peak-to-peak square
wave with 0 V offset, labeled by its 30 V amplitude in later discus-
sion. For the 30 mm prototype, the actuation signal is nominally a
30 V peak-to-peak square wave with no offset.

Prototype Fabrication. The robot prototypes were fabricated
using a combination of 3D-printed parts and off-the-shelf compo-
nents. The frames of the prototypes were 3D-printed with PLA.
Next, six piezoelectric ceramic strips (bimorph for the 80 mm and
unimorph for the 30 mm prototype) were bonded to the robot
frames with epoxy. Additional silver epoxy was used to bond
wires to the piezoelectric ceramic strips for actuation. The finished
prototypes are shown in Fig. 3.

Leg Parameter Identification. Leg parameters are determined
empirically for both 80 mm and 30 mm prototypes. The material
properties of the 3D-printed legs are experimentally identified
from frequency sweep testing without ground contact. This test is
used to identify parameters such as elastic modulus and density of
the legs as fabricated. The prototype is fixed with three different
boundary conditions as follows: (1) held from both ends on proto-
type body, (2) held from single end of body, and (3) held at mid-
dle of the prototype body. A laser Doppler vibrometer (LDV) and
LABVIEW are used to record the frequency response of each foot

and two points on the body in vertical direction. Experiments are
repeated three times.

Figure 5 shows the body vertical motion and two different leg
motions under constant boundary condition. Even with some cou-
pling effects between the body and leg, the robot body has rela-
tively little motion in the vertical direction at low frequencies,
including through the first three modes of the legs. This allows the
assumption of rigid body motion of the prototype body to be used
in modeling. The frequency measurement of the same leg under
different holding conditions (boundary conditions) appears to have
a less than 5% difference in frequency and less than 10% differ-
ence in resonance magnitude. With these two holding conditions
showing similar frequency responses, this is taken to approximate
the free behavior of the robot during locomotion.

The leg parameters of the 80 mm prototype (which are found
experimentally) identify the dominant resonant frequencies for six
legs (Table 3), one arising in each leg. Due to fabrication varia-
tion, the response of each leg is slightly different, so the measure-
ments were used to reconstruct the spring constant and the
damping coefficient of each leg. For this study, only the first two
resonant frequencies of the legs are considered in the model simu-
lation. The relationship between vertical and lateral motion of the
legs is also characterized for the four outer legs by measuring
dynamic motion in the lateral direction with the LDV. A similar
identification process is applied to the 30 mm prototype.

Coefficient of Friction and Restitution. The contact properties
of two types of materials (wood and metal) were tested as the
ground for the robot prototypes. The coefficient of friction is
determined for surfaces of different materials using at least five
sliding tests per surface (Table 4). The coefficient of restitution is
determined via measurement with LDV. The prototype is trapped
by placing a large mass in front of robot to prevent motion in all
other directions besides the z-direction (vertical). Sudden changes

Fig. 5 Frequency response of 80 mm robot body (solid line)
and two legs (dashed lines) with different actuation phases
under same boundary conditions, without ground contact
(Color figure can be viewed online)

Table 3 Normalized spring constant and damping coefficient
for the first resonance of the 80 mm prototype robot legs

Parameters
Normalized spring
constant (kN/m/kg)

Normalized damping
coefficient (Ns/m/kg)

Leg 1 752.0 6 0.4 276 6 4
Leg 2 752.0 6 1.9 358 6 6
Leg 3 678.0 6 0.2 151 6 7
Leg 4 740.0 6 0.1 207 6 6
Leg 5 1195.0 6 0.2 465 6 7
Leg 6 645.0 6 0.1 188 6 6

Table 4 Coefficients of friction and restitution for two types of
surface materials

Surface materials Coefficient of friction Coefficient of restitution

Wood 0.27 6 0.01 0.59 6 0.04
Metal 0.21 6 0.04 0.57 6 0.02

Fig. 6 Sample experimental (black solid line) and simulated
(pink dash line) time response of the 80 mm robot prototype
vertical leg motion at different actuation voltages (20/30/40 V)
(Color figure can be viewed online)
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in z-direction velocity are recorded at least five separate times for
each prototype leg, and all data are combined to calculate the
average value of coefficients (Table 4).

Model Results Versus Experimental Results. To validate the
dynamic model, the simulation results for leg and body motion
based on the parameters in the “Model Validation” section are
compared to the experimental results for both 80 mm and 30 mm
prototypes under several forcing conditions. The 80 mm prototype
is used primarily to validate the vertical motion of the legs and
overall walking speed, and the 30 mm prototype is used primarily
to validate the vertical motion of the body. The walking speed of
each robot is characterized by actuating near resonance and
recording the resulting motion with a camera. From the videos,
the position of the robot is tracked in each frame, and the numeri-
cal derivative is computed to calculate the average forward veloc-
ity, with error range. These measurements are then compared to
simulation results. Supplementary Video S1, which is available
under the “Supplemental Materials” tab on the ASME Digital
Collection, shows a representative sample of robot walking and
subsequent velocity measurements for both prototypes. The vali-
dation study begins with the robot leg motion in the vertical direc-
tion, using the 80 mm prototype, where body motion is largely
uniform. Robot body motion in vertical direction then shows
some interesting phenomena in the 30 mm prototype, which is dis-
cussed next. Finally, the robot walking velocity predicted from
the dynamic model is assessed using the 80 mm prototype, which
is less effected by external wiring than the 30 mm robot. The com-
parison shows the influence from many design parameters toward
the robot motion.

Leg Vertical Motion. The time-domain contact responses of
one leg of the 80 mm prototype under different input voltages are
shown in Fig. 6, from experiments and simulation. The robot
model accurately captures the general trends in contact duration,
timing, and foot step amplitude in the vertical direction, for which
high-fidelity measurement can be made directly with the LDV.
The largest source of disagreement is the variation of motion
amplitude at high-voltage input, which may be influenced by body
vibration modes not included in the current model.

Robot Body Motion. The modeling of the body’s vertical
motion is validated primarily using the 30 mm robot prototype.
The 80 mm prototype is not well-suited for this since it has a

larger mass, which leads to very small body motions. Characteris-
tic time-domain responses of the vertical body motion of the
30 mm prototype are shown in Fig. 7. The measurement was per-
formed with a square wave actuation signal at 1400 Hz with an
amplitude of 30 V. Notably, as robot mass is reduced, the manner
in which the robot’s feet and ground interact is changed dramati-
cally. Rather than producing foot impact at each actuation cycle
(which occurred consistently for the 80 mm prototype), both simu-
lation and experiments show that the body of the robot will stay in
air for several leg cycles between foot impacts. Due to the
extended time the body spends in air, the air damping term in Eq.
(12) is considered for the 30 mm prototype. However, simulations
for 80 mm prototype show that the air damping is negligible due
to large prototype weight and limited vertical in-air motion. When
the experimental and simulated results are compared, the ampli-
tudes match for both the fast leg and slower body oscillations. To
better quantify the in-air phase of the motion, a fast Fourier trans-
form (FFT) is performed on the time-series data, as shown in
Fig. 8. The first peaks of the FFT from the simulation and experi-
ments are both located within the range of 50–100 Hz. In other
words, the model successfully predicts the approximate range and
frequency of impact events, even as robot scaling leads to more
complex interactions between the robot and the ground. This phe-
nomenon is similar to behavior previously observed in a magne-
toelastic impact motor with similar modeling applied, which also
showed bouncing of the rotor every few cycles of stator vibration
[7].

Robot Velocity. Locomotion experiments are designed to mea-
sure the relationship between actuation voltage, actuation fre-
quency, ground condition, and average robot velocity. Due to
significant influence of the power cord on the forward motion of
the 30 mm prototype, forward velocity of the 80 mm prototype is
primarily examined. However, it should be noted that simulations
of the 30 mm robot yield a forward walking speed of 4 mm/s at
15 V actuation amplitude and 19 mm/s at 60 V, both of which lie
inside the experimentally observed velocity ranges (2.2–4.1 mm/s
at 15 V amplitude and 12–26 mm/s at 60 V).

The forward velocity of the 80 mm prototype was characterized
using input frequencies primarily between 110 Hz and 140 Hz,

Fig. 7 Vertical body motion of the 30 mm prototype actuated
with a 1400 Hz square wave with 15 V amplitude on a wood sur-
face: measurement (lower) and simulation (upper)

Fig. 8 Fast Fourier transform of vertical body motion of the
30 mm prototype (1400 Hz square wave, 15 V amplitude, wood
surface): measurement (black solid line) and simulation (red
dotted line) show similar distributions of frequency content,
with large body “bouncing” motion at lower frequency than leg
actuation (Color figure can be viewed online)
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because the first resonance modes of all six legs are located close
to or in this range. The input voltage amplitude ranged from 15 to
45 V. Less than 15 V produced minimal movement from the robot,
and 45 V was the upper limit of the experiment setup. Simulations
using the dynamic model were also generated in these ranges.
Comparison between simulations and experimental results shows

that the direction of robot motion is the same. Error in simulation
results is generated by ten simulations with randomly generated
individual leg spring constants and motion amplitudes. The leg
parameters are distributed according to the variability in the
motion of experimentally observed legs, as measured during test-
ing without ground contact. Since the range of leg parameters cov-
ers all the measured values of spring constants and motion
amplitudes for all six legs, the error calculated is enough to pre-
dict the range of possible forward velocities. Error in experimental
walking speed is measured from a 10–15 s robot walking video
under each actuation condition. These error bars are intended to
illustrate the potential variability in robot locomotion given the
limitations of the accuracy with which nominal robot leg dynam-
ics could be identified.

Figure 9 shows the simulated and measured velocities on a wood
surface under different actuation frequencies, when the actuation
voltage was fixed at 30 V. Figure 10 compares the behavior on the
metal surface, showing representative trends with respect to voltage,
when the actuation frequency was fixed at 140 Hz. The 140 Hz
results are similar to the results around resonance (from 110 to
140 Hz). Predictions for robot velocity generally capture key trends
in robot performance, though behavior is not as closely captured as
was observed for vertical motion alone. Most importantly, velocity
trends near the primary resonant peak are well-captured, but unmod-
eled dynamics take on more substantial roles at other frequencies.
With respect to voltage, both experiments and simulation predict a
local maximum for velocity. The existence of this local maximum
is attributed to body motion starting to influence leg interaction, as
shown in the previous leg contact measurements (Fig. 6). Body
motion breaks up the timing between sets of legs in the tripod gait,
but speed increases again as a function of voltage when individual
leg displacements become sufficiently large to overcome this effect.

The importance of including the second resonance mode in the
dynamics is also illustrated in Fig. 10. The trend in velocity with
respect to actuation voltage follows a completely different trajec-
tory than experiments when simulated using only the first reso-
nance mode. The addition of the second resonance mode to the
simulation resulted in more accurate dynamics estimation. Addi-
tionally, higher frequency modes (from third resonance)

Fig. 9 The relationship between actuation frequency and aver-
age robot velocity (80 mm robot, wood surface, 30 V actuation
amplitude); black solid line is the measurement and red dash
line is simulation. The average robot velocity was measured by
recording videos of the robot’s motion, tracking the position of
the robot in each frame, and then finding the average numerical
derivative between frames. Supplementary Video S1, which is
available under the “Supplemental Materials” tab on the ASME
Digital Collection, shows a representative sample of robot walk-
ing and subsequent velocity measurements for both proto-
types. (Color figure can be viewed online).

Fig. 10 The relationship between actuation voltage and aver-
age robot velocity of large robot prototype (80 mm robot, metal
surface, 140 Hz actuation frequency); black solid line is the
measurement, red dashed line is the simulation with multiple
modes, and lowest blue dotted line is the simulation with first
resonance only (Color figure can be viewed online)

Fig. 11 The relationship between payload mass ratio and aver-
age robot velocity at 130 Hz, 30 V actuation on the wood sur-
face; black dash line is the measurement, red solid line is the
simulation with six legs under nominal gravity load, and lowest
blue dotted line is the simulation with four legs under nominal
gravity load (Color figure can be viewed online)
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contribute a negligible portion of the overall motion for the robot
size scales investigated, especially for displacement. If a hypothet-
ical robot design did show sensitivity to higher modes, it should
be noted that the dynamic model in this work is capable of includ-
ing any further resonance.

Furthermore, the effect of a payload is measured and simulated
(Fig. 11). The 80 mm prototype is loaded with payloads of various
mass, with walking conditions chosen to be 130 Hz, 30 V actuation
on a wood surface. The mass ratio is the total mass including pay-
load and prototype itself over the mass of prototype alone. Based
on our measurements, when the 80 mm prototype is unloaded sit-
ting on the ground, only four feet of the prototype have good con-
tact with ground to take nominal gravity load. If we apply load to
the prototype, more feet will have contact with ground under nomi-
nal gravity load, until all six feet have solid ground contact. There-
fore, the measured robot velocity should sit in the range limited by
these two conditions, six feet or four feet with nominal gravity
load. These two simulation trends are shown along with experimen-
tal results in Fig. 11. From both simulated and measured results, the
prototype could achieve a payload more than its own mass by trad-
ing off forward velocity. This ensured its potential to be further
integrated with power and control system.

The path of both prototypes is curved in experimental tests
since the legs are not perfectly symmetrical in the fabricated pro-
totypes. Simulation results shown in this paper assume uniform
leg geometries but require material properties be measured experi-
mentally for good agreement with walking experiments. Including
leg variation has a very limited effect on forward and vertical
velocity predictions (less than 10%), but can predict direction of
curved walking paths (though with less accuracy).

These results do highlight some of the limitations of the pro-
posed model. First, the discrepancy of the velocity in the fre-
quency domain mainly occurs around 180 Hz, as shown in Fig. 9,
where an additional peak appeared for a subset of the legs
(Fig. 5). This peak is measured to be a compliant mode of the
robot chassis, as opposed to vibration modes local to the individ-
ual legs. Conceptually, treating the entire robot as a compliant
body would allow this mode to be captured and improve predic-
tions of robot behavior. However, this increase in accuracy would
come at a substantial increase in model complexity due to a larger
number of modes to be accounted for at each leg and difficulty of
analytically modeling chassis deformation. Also, the rigid chassis

assumption is more appropriate for future implementation of pay-
load, such as power and control units. Body resonance behavior
changes with the presence of a payload, which should be cali-
brated case by case. Second, with respect to voltage, while the
qualitative behavior of local maxima is successfully captured and
velocities are mostly within the margin of error, the predicted
locally optimal voltage is significantly different. This could be
due to neglecting nonlinearities in the piezoelectric actuator
response or some adhesion effects at the robot foot.

In addition to actuation voltage and frequency, the motion ampli-
tude ratio between vertical and axial motion was examined, as
shown in Fig. 12. The ratio of y- and z-direction motion is deter-
mined as the maximum free motion amplitude in z-direction over y-
direction. Given a fixed vertical motion, an increase in axial motion
is correlated with an increase in the robot’s forward velocity, as
expected, but with a more pronounced local optimum. These results
indicate the importance of characterizing the correct ratio between
two directional motions. The influence of variations in spring con-
stants and damping coefficients of each leg are shown as error bars
in Figs. 9–12. Higher actuation voltage generally produces a large
error range since the absolute value of the motion amplitudes is
larger with the same error range. Also, the error in actuation fre-
quency away from resonance is larger than the one around reso-
nance. Moreover, the robot is able to move in the reverse direction
as indicated by simulation. This phenomenon was also observed in
experiments, but not quantitatively measured.

Similarly, the effect of foot–terrain interaction parameters is
shown in Fig. 13. The robot’s velocity drops substantially if the
coefficient of friction drops under 0.1, which indicates the exis-
tence of slippage between the robot foot and ground. Above this
threshold, the exact coefficient of friction has little influence, as
the stationary friction force between the feet and ground is nearly
always less than the maximum friction force that could be pro-
vided. Meanwhile, low coefficients of restitution are predicted to
lead to higher robot velocities, because lower vertical velocities
after contact will cause the foot to stay in contact with ground lon-
ger. Longer ground contact allows friction to actuate the robot for-
ward, provided that the in-plane and out-of-plane motion are
coupled in the axes assumed by this work. Low coefficients of res-
titution are also related to plastic contact between the foot and
ground. Regarding the coefficient of restitution and friction, both
types of materials we used as ground condition share close value.

Fig. 12 Simulated relationship between the ratio of y- and z-
direction motion on average robot velocity (80 mm robot, 140 Hz
actuation frequency, metal surface); average ratio is 10 from
measurement (Color figure can be viewed online)

Fig. 13 Simulated relationship between coefficient of friction
(CoF), coefficient of restitution (CoR), and average robot veloc-
ity (80 mm robot, 120 Hz); experimentally validated coefficient
range is indicated (Color figure can be viewed online)
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Discussion and Conclusion

A model is presented for dynamics of small, elastic walking
robots. The model includes 3DOF rigid body motion and 2DOF
flexible leg motion with multiple modes to capture trends in robot
leg motion and velocity. The interaction between the robot and
the ground is modeled using simple coefficients of friction and
restitution. To validate this model, two different centimeter-scale
robot prototypes are fabricated, both of which can be represented
by the model. The prototypes are actuated by piezoelectric
ceramic strips bonded to a 3D-printed body and are experimen-
tally characterized in terms of leg and body dynamics as well as
walking speed. The velocities of the robot prototypes under vary-
ing actuation voltages and frequencies near the legs’ resonant fre-
quencies are measured to be around 3 mm/s for both prototypes,
which are in the same range as those simulated by the dynamic
model after robot parameters are identified experimentally. The
payload effect is also considered and validated with this model.

Other experimentally observed features that are captured well
by the model include: (1) vertical leg motion trajectories and
ground interaction trends; (2) bouncing effects, where large verti-
cal body motion has multiple significant frequency components at
frequencies lower than the leg actuation frequency, as exhibited in
the 30 mm prototype; (3) velocity trends with changing voltage,
when a sufficient number of vibration modes are accounted for in
the leg model; and (4) the existence of a local maximum velocity
with respect to voltage at some frequencies, though the maximum
occurs at slightly higher voltages in simulation than in experi-
ments. Simulated robot velocity trends with respect to the robot
legs’ vertical–axial motion ratio, CoF and CoR are also reported.
Limitations of the model include omitting the possibility for body
deformation to simplify the model and the need for a significant
amount of leg and terrain model information to accurately predict
the robot behavior.

As a structure for future microrobot development, this work pro-
vides: (1) a generalized model for multiple-legged systems that
includes both rigid body and compliant actuation motion; (2) accom-
modation of leg motion with multiple modes and DOF while body
motion has multi-DOF; and (3) good performance with high-
frequency, lightly damped actuation. These features are anticipated to
be common in future millimeter-scale robots based on microfabrica-
tion processes, when operated in dynamic walking or running gaits.
Other phenomena that may be added in future work for even smaller
robots include effects such as squeeze-film damping, adhesion or stic-
tion forces at robot feet, and other small-scale forces.
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