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Modeling and Optimal Low-Power On–Off Control
of Thin-Film Piezoelectric Rotational Actuators

Biju Edamana, Bongsu Hahn, Jeffrey S. Pulskamp, Ronald G. Polcawich, and Kenn Oldham, Member, IEEE

Abstract—A novel open-loop minimal energy on–off servo sys-
tem and control strategy are described for ensuring specified dis-
placements from new microscale piezoelectric rotational joints un-
der extremely strict power budgets. The rotational joints are driven
by thin-film lead–zirconate–titanate actuators and are targeted for
use in autonomous terrestrial microrobots. A lumped-parameter,
second-order model of anticipated joint behavior is utilized to esti-
mate the natural frequency and damping ratio of the robot joints,
which, in turn, are used to identify necessary sampling rates and
switching drive circuit parameters for implementation of on–off
control. An identified model of leg joint behavior is then used to
both verify lumped-parameter modeling and to optimize on–off
input sequences to the rotary joint. The optimization procedure in-
corporates energy costs from both switching and holding an input
voltage on microactuators that behave as a capacitive load, while
ensuring that specified final states of a dynamic system are achieved
at a specified point in time. Optimization is done via a new applica-
tion of binary programming. In addition, modest robustness of the
system response to parameter variation can be produced during
control sequence generation. Optimized input sequences are ap-
plied to both macroscale piezoelectric actuators and to prototype
thin-film piezoelectric leg joints, and show that specified actuator
motions can be achieved with energy consumption of less than 5 μJ
per movement.

Index Terms—Integer programming, microactuators, micro-
electromechanical devices, on–off control, piezoelectric devices,
switched systems.

I. INTRODUCTION

THE OPPORTUNITY to dramatically reduce the size of ac-
tuators and sensors through microelectromechanical sys-

tem (MEMS) technology makes possible a variety of miniature
autonomous devices, such as unattended sensor nodes or mobile
microrobots. However, in autonomous operation, taking full ad-
vantage of the small size of MEMS mechanisms requires that
one also ensure small size of power sources, circuitry, and other
subsystems required to operate the central MEMS component.
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Fig. 1. Concept drawing of an autonomous microrobot based on thin-film
piezoelectric actuator joint arrays.

One opportunity for reducing power needs of MEMS microac-
tuators is aggressive reduction in power needed to perform con-
trolled actuator movements. A new optimal on–off switching
controller, as described in this paper, is a promising method
for meeting especially strict constraints on power consumption.
This method accommodates both efficient actuator drive cir-
cuitry and minimizes servo system energy usage to accomplish
prescribed movements.

Especially severe power constraints are faced when MEMS
actuators are intended to actuate autonomous microrobots, on
the scale of one centimeter or smaller, as in the concept drawing
shown in Fig. 1. While a few microrobots at this scale have
been demonstrated in autonomous or tethered operation, their
mobility has been limited by the need to either carry a large-
power supply, by limited actuation force at low power, or by
the need to operate on a dedicated substrate. Several previous
robots have been based on thermal actuation, but the large-
power consumption of thermal actuators permits only single
degree of freedom, short-displacement leg joints in order to carry
large-battery mass [1]–[3]. In contrast, microrobots based on
electrostatic actuation can be powered with much smaller power
supplies, but electrostatic actuators require very large areas to
produce significant force, permitting only a few limbs or degrees
of freedom per robot; alternatively, electrostatic microrobots
may depend on a specialized substrate to deliver power, limiting
autonomy to small areas [4]–[6].

Thin-film piezoelectric actuators, in contrast, are capable of
delivering much larger forces than electrostatic actuators with
much smaller power requirements than thermal actuators, or
other potential robotic actuators, such as electromagnetic ac-
tuators or shape-memory alloys. A thin-film lateral actuator
has been previously demonstrated capable of generating up to
3 × 10−9 N·m of work in a 500 μm × 100 μm area, and this pa-
per may be leveraged using silicon microstructures to generate
rotational motion of 3◦ or more from a single such actuator at
20 V [7]. Operated in multiactuator arrays, these actuators can
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generate large-angle rotations of microrobotic leg joints. A typ-
ical array, as discussed in this paper, would have a capacitance
of less than 1 nF, corresponding to intrinsic energy consumption
of less than 1 μJ each time an actuator is charged to an operating
voltage on the order of 20 to 30 V. Furthermore, integrated with
silicon structures, they could potentially carry between 5 and
50 mg payloads per leg [8], [9]. However, even with state-of-
the-art thin-film battery or solar power sources [10], [11], the
power budget per leg at that payload capacity is on the order of a
few hundred microwatts to a few milliwatts, making extremely
low-power servo systems a necessity for microrobots based on
these actuators. In addition, reduction in power requirements to
control piezoelectric actuators could be useful to slightly larger
miniature robots [12], [13], where energy constraints are not as
severe, but servo power reduction still allows for larger payloads.

Unfortunately, controlling the motion of a robotic appendage,
as to move a leg to a specified angle in a given step, introduces
significant additional power consumption beyond that of the
actuator itself. Existing operational amplifiers operating in the
range of 20 to 30 V consume at least 400 μW in quiescent power,
and in a typical analog amplifier circuit for piezoelectric actua-
tors, as much as 95% of the power used by the actuator may be
wasted [14]. As a result, switching interface circuits between a
high-voltage supply and the piezoelectric actuator are desirable,
with motion control typically applied using pulsewidth mod-
ulation (PWM). However, PWM requires very high switching
frequencies, which dramatically increases power consumption
when driving a capacitive load. Charge recovery, such as that
developed by Campolo et al. [15], is one method for reduc-
ing this energy, use is through, but inductor sizes necessary for
effective charge recovery can be excessively large and energy
losses are still most prevalent during switching, although these
losses are reduced.Another way of rotating through fixed angles
is to make use of mechanical stops [16], [17]; the drawback in
this method is that there is only one possible angle of rotation.
Meanwhile, power consumption of sensor circuitry required
for feedback also greatly exceeds power consumption of thin-
film piezoelectric actuators, such that open-loop control may be
necessary to meet especially strict power limits.

Open-loop on–off control, using a limited number of switch-
ing transitions per actuator movement, can produce regulated
movements with extremely small energy usage, provided that
on–off switching times are chosen carefully and a reasonable
model of the system is available. Previous optimization tech-
niques for on–off control schemes have minimized the time to
reach a desired set of system states [18], or the amount of time
spent with an “on” input to reach a desired set of states at a
specified time [19], [20], but these approaches do not account
for switching costs, such as energy usage to charge a capacitive
actuator. Alternatively, full-fledged hybrid system models can
be used to approach on–off control design [21], [22], but this
may be an unnecessarily complex approach when only two input
selections are available.

This paper presents a model for a piezoelectric microrobotic
leg joint, a low-power switching circuit for control of the joint,
and an optimization procedure for generating minimum energy
on–off input sequences to direct the resulting motion. The open-

loop optimal on–off switching sequences drive a set of initial
states to a desired set of output states, while minimizing total
energy usage. The optimization procedure is based on binary
programming, which permits a simpler optimization procedure
than that of full-fledged hybrid systems approaches, but allows
switching costs to be incorporated into the optimization cost,
unlike previous controllers designed specifically for on–off se-
quence optimization. Applied to the piezoelectric microactuator
arrays in a novel rotational joint configuration, the controller can
drive comparatively large displacements to specified angles with
just a few on–off switching transitions and extremely low-power
consumption. The control inputs are applied to the piezoelectric
actuators through a low-power switching drive circuit, to further
reduce system power consumption.

Following this introduction, Section II introduces the thin-
film piezoelectric actuator and leg joint models. Section III de-
scribes the design of a low-power switching circuit for interfac-
ing. Section IV describes the on–off input sequence optimization
procedure and a simulational study. Section VI provides exper-
imental results from the on–off controller using a low-power
switching drive circuit. Section VII discusses implications for
future low-power microrobot operation and concludes the paper.

II. ACTUATOR DESIGN AND MODELING

A. Individual Flexure and Actuators

The large-angle, rotational joint to be controlled consists of a
series of eight elastic silicon flexures between rigid silicon links
developed at the U.S. Army Research Laboratory, as shown in
Fig. 2. Each link contains a thin-film piezoelectric actuator that
applies a bending moment to one of the silicon flexures via a
thin silicon tether. Net rotation at the tip of the joint is the sum
of the rotation angles of each flexure–actuator pair.

Each flexure in the array is a thin silicon beam that experiences
elastic deflection due to the moment generated by the actuator
force offset from the tip of the actuator by distance Lact , as
shown in Fig. 2(c2) and (c3). The rotational stiffness of each
link is given by the equation

kθ =
Etw3

f

12Lf
(1)

where E is the elastic modulus of silicon, t is the thickness
of the silicon flexures, wf is the flexure width, and Lf is the
flexure length. Flexure parameters as described and fabricated
are shown in Table I. While the nominal flexure thickness was
to be 10 μm in the legs tested, excessive undercut of the sili-
con structures during deep reactive ion etching resulted in thin
silicon structures (flexures and tethers) having a thickness of
only approximately 6 μm, leading to a somewhat less stiff joint
structure than anticipated.

The piezoelectric actuators consist of bend-up and bend-down
unimorph segments connected in series to produce net in-plane
displacement at the actuator tip, as shown in Fig. 3. The bend-up
unimorph segments consist of a silicon dioxide base layer that
sets the height of the neutral bending axis below the pizezoelec-
tric film, a bottom platinum electrode, a lead–zirconate–titanate
(PZT) piezoelectric thin film, and a top platinum electrode. The
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Fig. 2. Multiactuator leg joint. (a) Optical photograph. (b) Schematic drawing
of components. (c1) Link dimensions. (c2) Force and displacement at actuator
tip. (c3) Equivalent bending moment model. (d) Mass and inertia definitions in
deflected state.

TABLE I
FLEXURE AND ACTUATOR PARAMETERS

Fig. 3. Schematic diagram and optical images of an individual thin-film piezo-
electric lateral actuator, alone and tethered to single flexure.

Fig. 4. Force versus displacement curve of thin-film piezoelectric actuators at
20 V, nominal model from [7] and with effects of fabrication limitations.

bend-down unimorph segments have an additional gold film
added, to raise the neutral bending axis of the structure above
the midline of the PZT film in that segment. The net effect is
to produce in-plane lateral actuators with the large-force capac-
ity of piezoelectric actuation and increased stroke length due
to nonlinearity of the bend-up and bend-down structure. A full
force–displacement model of these actuators was previously de-
scribed in [7], and the resulting force–displacement curve for a
nominal 500-μm-long, 100-μm-wide actuator at 20 V is shown
in Fig. 4. The effective electroactive piezoelectric strain coef-
ficient (d31,eff ) for these actuators at 20 V was approximately
−60 pm/V, while the dielectric coefficient was approximately
230.

Unfortunately, while the nominal force–displacement of the
actuators, as designed and tested in the previous work, would
generate greater than 3◦ of rotation at each link, flaws dur-
ing the microfabrication process greatly reduced the force–
displacement capabilities of the actuators tested here. Namely,
insufficient undercut of the silicon layer beneath the actuators
reduced their length to only about 440 μm, and residual stress
in the thin film layers, particularly the gold films used to gener-
ate bend-down motion at the outer segments of the actuator, has
the effect of shifting the force–displacement curve away from its
nominal position. When the observed length of the actuators fol-
lowing fabrication and estimated residual stress levels are incor-
porated in the actuator models, the expected force–displacement
curve diminishes, as shown in the additional curves in Fig. 4.
While this decrease in performance is not a significant factor in
verifying controller performance and power consumption, re-
ducing negative effects of residual stress and better regulating
actuator length and stiffness will be necessary to achieve truly
large range-of-motion microrobotic joints.

Conversion of the actuator force as a function of displacement
to the moment on the flexures as a function of flexure rotation
depends, first, on the offset between the actuator tether and the
elastic flexure in each link, and second, on the stiffness of the
tether itself. For a given offset Lact , the resulting moment due
to the actuation force Fact is given by

Min = FactLact . (2)

The static lateral displacement at the tip of each actuator xact
is dependent on the force Fact that the actuator is applying,
and is given by the force–displacement curve for the thin-film
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Fig. 5. Static applied actuator moment at 20 V versus rotation angle at silicon
flexures, based on nominal actuator design and taking into account all fabrication
limitations.

Fig. 6. Sample image of leg joint at 0 and 20 V.

piezoelectric actuators. The actuator tip displacement is also
equal to displacement due to rotation of the leg link (Lact times
rotation angle for the link to which it attached) plus any ax-
ial stretching in the tether xt . A corresponding static rotation
θmax(M) for each leg link can then be estimated from

θmax(Min) =
xact(Fact) − xt

Lact
(3)

where xt is given by

xt =
FactLt

Ewtt
(4)

with Lt being the length of the tether and wt is the tether width.
This rotation must match that of the flexures, such that the

actual static rotation of each link occurs at the point, where the
actuation moment as a function of rotation intersects the ro-
tary stiffness curve of the flexures, as shown in Fig. 5. Had the
actuators been functioning at full-nominal performance as dis-
cussed with respect to the force–displacement curve in Fig. 4,
anticipated rotation angle of each link for a 20 V input was
to be approximately 3◦ or 0.052 rad. At the reduced actuation
capacity of the actuators as formed, we find rotation angles of
approximately 1◦ or 0.021 rad per link, and 8◦ per leg joint. Ex-
perimentally, a rotation of 7.5◦ from the entire joint is observed
at 20 V, with a sample rotary leg joint at 0 and 20 V shown
in Fig. 6. Again, this reduction in displacement is primarily a
result of underetching of silicon along the actuator length, and
residual stress prestressing the actuator against the direction of
desired motion.

B. Lumped-Parameter Dynamics

Although on–off input sequence optimization is ultimately
performed using an identified model of system dynamics, an
analytical model for joint dynamics is useful for both design-
ing leg joint design and specifying reasonable sampling times
and switching circuit parameters when implementing the on–off
controller. While the large deflection leg joints consist of several
flexures and rigid links in series, the small mass of the intermedi-
ate links allows actuator dynamics to be described with reason-
able accuracy using a lumped-parameter second-order model,
particularly for small displacement of approximately 10◦ or less,
where small angle sine and cosine approximations are effective.
The resulting second-order model has the form as follows:

Jtot θ̈tot + btot θ̇tot + ktotθ = Gu(t) (5)

where Jtot is the total rotary inertia of the system, btot is a
rotational damping coefficient, ktot is the equivalent total spring
stiffness, G is the equivalent actuation moment per volt, and u(t)
is the applied input voltage.

The input to the system is treated as constant when voltage is
applied, taken as the moment applied by the actuator when the
moment is zero, while the shape of the moment–rotation curve
is accounted for in an equivalent stiffness of the actuator. As a
result, ktot is estimated from

ktot ≈
kθ + kact

N
(6)

where N is the number of links in the joint, and kact is an
equivalent stiffness of a single actuator, taken from a linear fit
of the moment–rotation curve shown in Fig. 5 over the range of
anticipated link rotation.

The total inertia Jtot is calculated by treating the intermediate
links as point masses mL with the distance from the center of
mass of ith link to the first flexure being LL,i , and the total
inertia of the final leg structure, incorporating both leg inertia
Jleg = JN and mass mleg = mN

Jtot ≈
N −1∑

i=1

mLL2
L,i + JN + mN L2

N . (7)

Damping coefficients in micromechanical systems are typi-
cally quite difficult to estimate. In the case of the piezoelectric
leg joints modeled here, the leg and joint move just a few mi-
crometers above the surface of the surrounding silicon wafer,
or substrate, which would typically result in viscous drag be-
ing a significant source of damping. In addition, experimental
system identification, described in following section, suggested
that viscous drag might be a likely source of damping due to
the similarity of experimental response to that of a second-order
linear system. As a result, a basic estimate of damping coeffi-
cient was obtained by integrating the moment due to viscous
drag between the underside of the joint and the wafer surface
Mb , and equating it to an effective total damping coefficient
btot , using the integral

Mb =
∫ LN , o u t

0

μw(r)r
g

(rθ̇)dr = btot θ̇ (8)
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TABLE II
VARIABLES FOR LUMPED-PARAMETER MODEL

where r is the radius from the base of the joint, LN,out is the
outermost point on the joint and leg structure, μ is the dynamic
viscosity of air, w(r) is the width of the joint as a function of
radius from the base, g is the gap between the underside of the
leg and the ground, and rθ̇ is the approximate linear velocity of
points along the leg. This type of drag depends heavily on the
precise gap between each link in the joint and the substrate, and
for a system of smaller links and one long leg link at the end is
approximately equal to

btot ≈
N −1∑

i=1

μAL,iL
2
L,i

gi
+

∫ LN , o u t

LN , i n

μ
wlegr

3

3gN
(9)

where AL,i is the planar area of the ith link, gi is the gap
between the ith link and the ground, LN,in and LN,out are the
distance from the first flexure to the inner and outer dimensions
of the leg (the final, N th link), and wleg is the width of the
leg. Unfortunately, the gaps gi are difficult to predict, being
dependent on residual stress in the completed legs, although it
can be taken as having an approximately linear increase along
the links, from approximately 0.5 μm at the first link to gaps
between 0.5 and 40 μm at the leg link itself.

Values of the parameters used to predict system dynamics
are shown in Table II. The estimated total spring stiffness and
moment of inertia correspond to a natural frequency ωn of ap-
proximately 1880 rad/s, and damping ratio between 2% and
20% depending on specific gap widths due to residual stress.
These estimates are useful for both refining the design of future
leg joints, and anticipating sampling and response time need
for driving circuitry and controllers, in this case indicating sam-
pling time for discretization on the order of 100 μs or less, and
ideal switching-circuit response time, an order of magnitude
or more smaller than that. Note also that sampling rate refers
to the rate at which inputs may be changed, not any sensing
measurements, as the system is run in open loop under the fol-
lowing control scheme in order to conserve energy. In practice,
a 100 μs sampling rate was used for microscale actuator ex-
periments, with the switching circuit described in the following
having a response time of less than 2 μs.

Fig. 7. Step response of the MEMS actuator, which was used for system
identification.

C. Experimental System Identification

Exact system dynamics were measured experimentally using
the step response of the completed leg joints. Joint motion was
measured by filming the microscale leg joints through a stere-
oscope using a high-speed camera system. Images were col-
lected at 4000 frames per second, and angle measurements in
each frame were extracted using the MATLAB Image Process-
ing Toolbox. The measured response and an identified second-
order model response are shown in Fig. 7. The identified natural
frequency was 1770 rad/s, while the identified damping ratio
was 5.7%.

These identified parameters fit in well with the estimated
response of the system, given uncertainties in MEMS process-
ing accuracy, and indicate the utility of approximated lump-
parameter modeling of the piezoelectric leg joints, although
some nonlinearity in the system step response appears to be
present, which is likely a result of nonlinear piezoelectric be-
havior (discussed in the following) and unmodeled damping
effects, such as variation in gap between the joint and the sub-
strate as the joint rotates; there is a slight upward deflection of
the actuator (approximately 1–2◦) due to residual stress in the
thin films on the surface of the actuator. This, and etch holes
remaining from the actuator fabrication process mean that the
gap between the underside of the actuators and the substrate
surface is not entirely constant, as is assumed to estimate the
approximate linear damping coefficient. In particular, the gap
between joint and substrate is larger at the deflected position,
leading to a lower effective damping coefficient near the final
position than the initial position during a step displacement.

In addition, changes in system parameters with environmental
conditions, and hysteresis of piezoelectric materials can cause
the real system to deviate from models used for controller de-
velopment. For example, the deflection of the piezoelectric ac-
tuators is sensitive to temperature, and there is also a modest
hysteresis in the piezoelectric actuators, as shown in Fig. 16.
We will discuss methods of improving robustness of the actua-
tor response under open loop on–off control when uncertainty is
present in controller design. Namely, we treat the stiffness and
damping of the system as having approximately 10% uncertainty
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Fig. 8. Switching drive circuit with pull-up resistors to limit leakage current.

due to nonlinearities, hysteresis, or environmental changes and
attempt to minimize worst-case error in final position under
this uncertainty. These uncertainty bounds may be increased if
larger variation is anticipated, but with corresponding reduction
in accuracy; systems subject to large parameter variation would
require some use of feedback if improved accuracy is required,
although this would increase total actuator power consumption.

III. DRIVE CIRCUIT DESIGN AND TESTING

A. Circuit Design

To limit switching losses in the interface between a low-
voltage controller and the comparatively high-voltage actuators,
a low power on–off switching circuit was designed to interface
the two elements. As this interface can cause a significant por-
tion of the switching energy losses for microscale actuators,
it is important to be able to predict and measure these losses
for incorporation into controller design, as well as to improve
performance of the overall system.

The on–off switching circuit designed for the thin-film piezo-
electric actuators consists of a CMOS inverter with a level
shifter. CMOS inverters are a commonly used switching circuit
configuration in the integrated circuit design area for reducing
power consumption because in the ideal case, there is no static
current and power is consumed only at the “on” or “off” tran-
sition time. However, a CMOS inverter alone cannot be used
directly for driving piezoelectric actuators. While a piezoelec-
tric actuator should be driven at 20 to 30 V or more, most IC
circuits, as are typically used to implement a control law, oper-
ate at 5, 3.3 V, or less. Therefore, a level shifter based on the
CMOS inverter was designed to interface between a high volt-
age and a conventional IC process [23]. In order to reduce the
power consumption of the circuit, two resistors are added to the
basic-level shifter. The conceptual circuit is shown in Fig. 8.

The novel addition of these resistors to the inverter helps to
reduce peak leakage current during the switching transitions.
While this loss is typically of little consequence when using
larger actuators, it can be a substantial portion of energy con-
sumption when working with microscale piezoelectric actua-

tors having comparatively small capacitance. The total energy
consumption Etot due to the circuit alone for a single cycle
(charging and discharging of the actuator) can be derived from
the energy consumed by transistor capacitance ECm

and the
energy consumed in leakage through the right and left sides of
the bridge upon switching EA and EB

Etot = ECm
+ EA + EB (10)

with the respective powers being calculated from

ECm
= 2Cm U 2

low (11)

EA =
(CL + Cm ) (Umax − Vtp − Vtp log(Umax/Vtp))

Kg
Umax

+
(Umax − Vtp)R1Cm Vtn

KR2Vtn
(12)

EB =
Cm (Umax − Vtp − Vtp log (Umax/Vtp))

Kg
Umax

+
(umax − Vtp)R1Cm Vtn

KR2Vtn
(13)

assuming that the low voltage achieved by the switching cir-
cuit is zero, and where Cm is the capacitance of the MOSFET
transistors, Ulow is the low-voltage input level of the controller,
Umax is the high-voltage “on” voltage to the actuators, Vtp is
the threshold voltage of the PMOS transistor in the circuit, Vtn
is the threshold voltage of the NMOS transistor in the circuit,
R1 is the pull-up resistor resistance on the low-voltage CMOS
inverter, R2 is the pull-up resistor resistance of the high-voltage
CMOS inverter, CL is the load capacitance of the piezoelectric
actuators, and Kg is the gain coefficient of the transistors.

The piezoelectric joints have a total capacitance of approxi-
mately 1.1 nF, while the transistors utilized had threshold volt-
ages of 1 V, capacitance of 0.23 nF, and gain coefficient of 1.99.
Pull-up resistors of 100 and 1000 Ω, respectively, were used
to balance response time of the circuit with low-power con-
sumption, while using readily available surface mount resistors.
These parameters correspond to a projected energy consumption
of the circuit alone of 1.02 μJ per charge and discharge cycle,
with 0.84 μJ lost due to leakage current and the remainder due
to capacitive loading of the CMOS transistors’ gate capacitance.

IV. CONTROLLER DESIGN

A. System Dynamics and Constraints

As described earlier, the dynamics of the single leg are mod-
eled as a second-order linear system, which can be discretized
and represented in state space form as follows:

x ((k + 1)Ts) = Adx(kTs) + Bduk (14)

y(kTs) = Cdx(kTs) (15)

where the states of the system are the angle of rotation (θtot)
and the angular velocity (θ̇tot) of the leg. The discrete time
state matrix is Ad , input matrix is Bd , and output matrix is Cd .
There are two important constraints on the system when using
on–off control. The first is that the inputs uk , k = 1, 2, . . . , n
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can take only two values, namely {0, 1}. Second, the transi-
tions between input values can take place only at the sampling
instants, meaning uk can change its value only at these times.
These constraints limit the reachable subspace of the system in
a given time duration.

B. Problem Statement and Optimization Procedure

The unavailability of feedback and aforementioned input con-
straints limits the capabilities of this system. So, the limited
objective of a controller is to make the leg joint rotate to a de-
sired angle and stay stationary at least instantaneously at the
end of a desired time, which will enable the robot to walk in a
quasi-static manner.

Mathematically, then, the aim here is to find a sequence of
inputs uk , k = 1, 2, . . . , n, which, if a solution exists, will move
the states of the system from a specified set of initial states to
an ε ball containing a set of desired final states xd in a given
time tf = nTs (which limits the possible number of transitions
between the input states), using minimum energy. The final-state
constraints can be written mathematically as xd − ε ≤ x(tf ) ≤
xd + ε.

Our objective function is then to minimize energy consump-
tion, while satisfying the aforementioned constraints. Energy
consumption consists of two parts JC and JR , corresponding
to capacitive and resistive energy losses in the system, respec-
tively. The piezoelectric actuator acts as a capacitor in an elec-
tric circuit. Hence, the major part of the energy loss happens
when actuators are charged or discharged. This corresponds to
a transition of uk from 0 to 1 or vice versa. This energy loss
is termed as capacitative loss or JC . In a general on–off con-
trol case, the quantity CU 2

max/2 can be replaced by an arbitrary
“cost-to-switch”

JC =
n∑

k=1

1
2
CU 2

max((uk − uk−1)
2 + u2

0) (16)

where C is the capacitance of the piezoelectric actuator and
Umax is the ‘on’ voltage applied to the actuators.

The second part of the objective function JR includes energy
lost to resistive dissipation due to leakage current in the on–off
drive circuit or through the piezoelectric actuator, and is given
by

JR =
n∑

k=0

U 2
max

R
Tsuk (17)

where R is the resistance of the system. In other words, this is
the energy required for keeping uk at 1. Again, here the quantity
U 2

max/R can be generalized to an arbitrary “cost-to-hold.”
The optimization problem is to minimize the total energy

cost J = JC + JR subjected to state-dynamics constraints (n
constraints), binary constraints, and final-state constraints given
earlier. Since the final state is the only point of interest here, the
state dynamics can be calculated outside the optimization (18)
and can be combined to the final-state constraints

x(tf ) = x(nts) =
n−1∑

i=0

An−i−1
d Bdui. (18)

TABLE III
NOMINAL VALUES FOR THE PARAMETERS USED FOR THE DESIGN OF OPTIMAL

SEQUENCES FOR THE SYSTEMS

Now, the final-state constraints take the form

xd − ε ≤
n−1∑

i=0

Kiui ≤ xd + ε (19)

where

Ki = An−i−1
d Bd.

The total energy consumption can be rewritten as follows:

J = JC + JR

=
n∑

k=1

1
2
CU 2

max((uk − uk−1)
2 + u2

0) +
n∑

k=0

U 2
max

R
Tsuk .

(20)

Now, this problem is a binary programming problem with a
quadratic objective function (20) and a system of linear con-
straints (19). Hence, it can be modeled directly in dynamic
programming software such as A Mathematical Programming
Language (AMPL) and solved using the integer-programming
solver CPLEX, which uses the branch and bound technique to
integer programming.The parameter values used for optimiza-
tion are given in Table III.

C. Modification to Find a Robust Sequence

Uncertainty in the inertia, damping and stiffness estimates
(either from analytical or experimental methods) affects the
performance of the system, as does variation in actuator behavior
due to environmental changes. It is useful to minimize the error
for the worst-case system with a bounded uncertainty Δbound .
This is a minimax problem, which can be represented as the
following:

min
u

{max
Δ

‖x1 − x1n‖}, ‖Δ‖ ≤ Δbound . (21)

Since the direct solution of this is numerically infeasible, the
algorithm given in Fig. 9 and described in the following was
developed to find an input sequence that gives a satisfactory
performance.

Two optimization techniques are employed here. Continuous
nonlinear optimization for determining the worst-case systems
(Δ values) and binary programming for finding the best ro-
bust input sequence. In this particular problem, three param-
eter uncertainties are considered, namely Δm , Δb , and Δk
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Fig. 9. Robust sequence algorithm.

corresponding to uncertainties in inertia, damping, and stiff-
ness. It is assumed that these uncertainties are bounded on
either sides. But, the maximization of error with respect to
the Δs is not a convex optimization. Hence, the optimization
was initialized at a number of values and the corresponding
worst-case system for each was found. For the procedure, let
(A1 , B1), (A2 , B2), . . . , (Am ,Bm ) be the dynamics of each of
the worst-case systems obtained by the maximization. Then, the
final-state constraints for all m systems are added to the binary
programming to find the robust u as follows:

xd − ε ≤
n−1∑

i=0

An−i−1
1 B1ui ≤ xd + ε

xd − ε ≤
n−1∑

i=0

An−i−1
2 B2ui ≤ xd + ε

...

xd − ε ≤
n−1∑

i=0

An−i−1
m Bm ui ≤ xd + ε. (22)

These constraint equations help the designer to identify a
specific input sequence u such that if it exists, it will keep the
final states of all the aforementioned systems within some ε
neighborhood of the desired final state.

V. SIMULATION RESULTS

Jθ̈ + bθ̇ + kθ = Gu. (23)

The system given in (23) and the corresponding parameters are
given in Table III was used for initial simulational study. A
couple of sample system responses using the minimal energy
open-loop on–off optimal controller is given in Figs. 10 and 11.
In these examples, a single leg link is driven to a desired final
angle. When only a single leg link is to be controlled, the control

Fig. 10. Sample simulated system output using optimal on–off controller with
loose positioning constraint, showing (a) output angle and (b) system input u.

Fig. 11. Sample system output using optimal on–off controller with strict
positioning constraint, showing (a) output angle and (b) system input u.

input can be quite simple, as in the example shown. In Fig. 10,
the input switches twice and when the constraints on states
are stringent the controller needed three switches, as shown in
Fig. 11, which corresponds to a cheaper controller or higher state
cost as in linear-quadratic Gaussian (LQG) controller terminol-
ogy. To explore controller behavior, this on–off controller was
compared to the LQG controller for the system, had feedback
and analog rather than on–off inputs been available. Two LQG
responses corresponding to cheap and expensive controllers are
given in Figs. 12 and 13. Both the on/off and LQG controllers
produce qualitatively similar trajectories from the initial to the
final value. In addition, the capacitative portion of the cost func-
tions from the respective controllers is found to be less for the
optimal on–off controller, due to the minimal number of tran-
sitions that it dictates. The PZT actuators used in the prototype
system have very large resistance, such that over 99% of energy
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Fig. 12. Simulated LQG response with a cheap controller, analogous to
strict positioning constraint, showing (a) output angle, (b) system input u, and
(c) derivative of input.

Fig. 13. Simulated LQG response with an expensive controller, analogous to
a loose positioning constraint, showing (a) output angle, (b) system input u, and
(c) derivative of input.

use is due to capacitive switching losses, as opposed to resistive
holding losses.

The following studies are done to make sure that the op-
timization is indeed optimal and it can perform effectively
in the presence of uncertainty in the system parameters or
disturbances.

A. Comparison to Brute Force Methods

To ensure that the optimization method is working properly,
the result of the efficient optimization method was compared
with that of brute force optimization for a shorter time period.
In the brute force method, all possible combinations of u′

is
were checked for feasibility and that with lowest cost, measured
by the on–off cost function, was selected. This approach is, of
course, numerically inefficient, as one must check the cost for

Fig. 14. (a) Response of the perturbed systems when a robust sequence is
applied; the red lines show the worst case systems. (b) Corresponding robust
on–off sequence.

2n combinations of input, making it impractical for a larger
time period. However, it is possible to verify that for our sam-
ple system, the result of the brute force method matches the
result obtained by the branch and bound optimization method,
which is computationally much more efficient. Over the shorter
time period analyzed, the optimal control sequence identified by
integer programming exactly matched the best of all possible
control sequences tested through the brute force method.

B. Robustness Analysis Results

From the simulations, it was found that if the parameter vari-
ation (in all parameters) is within 10% of the nominal value
for the sample system, then it was possible to find an on–off
sequence, which keeps the final state within 10% of the desired
final state. This range of parameter uncertainty is sufficient to
account for hysteresis in the piezoelectric response, variation in
the damping coefficient during leg motion, and potential change
in piezoelectric properties over an approximately 10◦C range.
Examples of perturbed systems are shown in Fig. 14. When the
parameter variations are kept within ±10% of nominal values,
the final states of the randomly perturbed system are within
±10% of the nominal value, 0.3 ± 0.03, and this was consistent
over the situations we examined.

C. Behavior of the System in the Presence of Disturbance

A natural limitation of open-loop control is its inability to re-
ject disturbances. Additional simulation studies were performed
to explore the sensitivity of the leg joint under open-loop on–off
control to disturbances. While an external force is difficult to
apply to the experimental system due to its small size, simulated
behavior of the system in the presence of various disturbance,
such as due to gravity when the system is tilted, friction forces
or electrostatic forces, can be examined. In the sample simula-
tion result shown, ideal dynamic friction between the leg and
the ground was considered as a disturbance. A normal force
between leg and ground of 5 mN and coefficient of dynamic
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Fig. 15. Comparison between the nominal response and response in the pres-
ence of ideal friction.

friction of 0.3 were assumed to be present. The deviation in
response from the nominal response of the simulated system is
shown in Fig. 15, with an approximately 15% reduction in dis-
placement. As this normal force is much larger than the payload
capacity of the leg (5–50 mg, corresponding to approximately
0.5 mN) and much larger than electrostatic forces operating
over the displacement range of the leg, there is reason to be-
lieve that disturbance forces that would not cause damage to the
leg joint result in comparatively small errors. This is primarily
a consequence of the large forces for this scale generated by
the thin-film piezoelectric actuators. On the other hand, because
there is no feedback available, the system has limited capacity to
perform a disturbance rejection to reduce this positioning error.
When energy constraints are so strict as to preclude sensor use,
as may be the case for a microrobot, the additional positioning
error must be accepted. However, if occasional sensor measure-
ments can be made, it may be possible to adapt the input on–off
sequence over multiple movements, or to switch between opti-
mized on–off sequences if a disturbance is detected, in order to
respond to disturbances or environmental changes.

VI. EXPERIMENTAL RESULTS

A. Experimental System Description

Experimental testing of the on–off control algorithm was
tested on both a macroscale piezoelectric test actuator and the
prototype MEMS leg joint. Before conducting the experiments
on the MEMS actuator, the control scheme was tested on a
macroscale piezoelectric actuator to verify the controller de-
sign procedure. The macroscale actuator was a 40-mm-long,
10-mm-wide Ceratec, Inc. bimorph actuator with a strain gauge
attached to it for measuring the deflection in terms of the volt-
age through its sensing circuitry. The on–off switching sequence
was loaded into a TMS320F28335 microprocessor, which was
interfaced to the bimorph actuator through the fast-switching
circuit explained in the previous section. The output voltage
was measured using a Tektronix TDS2024B oscilloscope and
data was captured using National Instruments Signal Express
Tektronix Edition Software. From the step response of the sys-

Fig. 16. Hysteresis curve for the MEMS actuator with the dotted lines showing
the variation in slope.

tem, the following second-order system given was identified
between input voltage and strain gauge voltage:

y(s)
u(s)

=
64151

s2 + 14s + 40350
. (24)

The MEMS actuator was also operated using the micropro-
cessor and the switching circuit. Prototype joint arrays were
connected to the switching circuit using ultrasonic wire bond-
ing to bond pads at the base of the actuator, on the fixed portion
of the substrate. The switching circuit was driven by the micro-
processor or a function generator, as appropriate. The motion of
the leg was captured using a high-speed camera at 4000 frames
per second and the angle of rotation was measured using the
MATLAB Image Processing Toolbox. Using the step response
given in Fig. 7, a second-order system was identified between
the input voltage and the angle of rotation (radians)

y(s)
u(s)

=
1.9656 × 104

s2 + 2 × 0.0547 × 1766.4s + 1766.42 . (25)

To measure hysteresis, a static input voltage was varied from
0 to 20 V and back, giving the hysteresis plot in Fig. 16. This
hysteresis effect is included as an uncertainty in stiffness for
designing a robust sequence, which is used in the experimental
result discussed in the next section.

B. Comparison of Experimental and Simulation Results

A comparison of the responses from the macro system is
shown in Fig. 17. The optimization constraint on final output in
this example was to reach 0.5 ± 0.1 V in strain gage output at
20 ms. A binary optimization was done on the identified macro
system given in (24) to obtain the input sequence shown in
Fig. 17(b) and the constraints are verified using the MATLAB
simulation shown. The same input sequence was applied on
the macro system and is shown in Fig. 17(a). The experimental
response follows very closely with the simulation and reaches
0.58 V at the desired time.

A similar approach with additional robustness constraints to
account for hysteresis effects was applied to the MEMS ac-
tuator given in (25). In the optimization, the constraints were
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Fig. 17. Comparison of results obtained by experiment and simulation for the
macroscale system and the corresponding switching sequence.

Fig. 18. (a) Comparison of displacement results obtained by experiment and
simulation for the MEMS system when under an optimal on–off sequence
for 0.15 rad final displacement. (b) On–off voltage input applied. (c) Angular
velocity observed in the simulation, showing successful return to 0 rad/s at final
time.

applied on both angle of rotation as well as angular velocity at
4 ms for all the perturbed systems with stiffness varying be-
tween kmin = 127.906 V/rad to kmax = 190.476 V/rad, which
is about ±20% of the nominal value knominal = 158.73 V/rad.
The requirement was to make the angle of rotation reach 0.15 ±
0.03 rad and angular velocity reach 0 ± 1 rad/s. From the opti-
mization, it was found out that the minimum possible tolerance
on angle is ±0.03 rad because of the 20% uncertainty in the
stiffness value. The input sequence and simulation responses
shown in Fig. 18 were obtained as a result, which satisfies all
the constraints in the simulation. When the same sequence was
applied on the physical system, the response shown with a red
line was obtained. The experimental result follows the simula-
tion result closely and reaches about 0.1115 rad at the stipulated
time, which is very close to the expectation from the simula-

Fig. 19. Current consumption of switching circuitry and the MEMS actuator
while the switch is (a) turned on and (b) turned off.

tion (misses the constraint by 0.0085 rad). Also, the direction
of rotation reverses in the same video frame, indicating that the
angular velocity goes through zero verifying the final-velocity
constraint. The discrepancies between the experimental and de-
sired motions are a result of nonlinearity of the actual system,
particularly hysteresis in the piezoelectric film. The robust de-
sign approach aids in ensuring states are near desired final values
even in the presence of model error, but does not ensure any par-
ticular accuracy at intermediate times.

During this experiment, the cumulative energy consumption
of the microrobotic leg together with the switching circuitry
was also measured. The current profiles, while the switch was
turned “on” and “off” were measured using a current probe
and oscilloscope and are shown in Fig. 19. The power supply
was kept constant at 20 V during the entire experiment and
each turning “on” cost 4.6 × 10−7 J and each turning “off” con-
sumed 1.4 × 10−7 J. Of this quantity, 2.2 × 10−7 J is attributed
to charging at the microactuator, resulting in total energy loss in
the circuit alone of just 3.8 × 10−7 J per cycle (the difference
between total “on” and “off” energy usage and the energy re-
quired to charge the piezoelectric capacitance). This is smaller
than the predicted energy usage, which appears to be due to
additional resistance within the leg between electrodes for the
leg and the piezoelectric actuators; the extra resistance further
increases the effect of the pull-up resistors included in the circuit
design. Total power consumption of a robot using this controller
would depend on step frequency, but for walking gates of 20 Hz
or lower, power consumption would be in the tens of microwatts
or smaller. This is within the power availability we predict for a
microrobot based on piezoelectric actuators, and much smaller
than power consumption of an analog controller or PWM con-
troller with much higher switching frequencies.

VII. DISCUSSION

Although the optimal control method discussed earlier can
be extended to include feedback by using a model predic-
tive control approach, the use of open-loop on–off control to
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regulate the motion of a piezoelectric actuator is driven entirely
by the need to ensure extremely low-power consumption from
the entirety of a servo control system. This results in significant
tradeoffs in performance for the sake of power reduction. The
simple switching interface between controller and actuators,
and small number of transitions utilized, allows for control of
microactuators that act primarily as a capacitive load with very
little energy consumption, less than a microjoule per leg motion.
However, such a controller explicitly forgoes the use of feed-
back to improve response time, robustness, or other closed-loop
controller benefits due to power limitations, and the relatively
low-switching frequency results in oscillatory output motions
with specific desired output states being achieved only at a spe-
cific time. In addition, switching controllers may often excite
high-frequency dynamics, though this is not a large effect in the
experimental test actuators examined here. If present, higher
order dynamics may be incorporated into the optimization pro-
cedure described here by expanding the system order, but the
controller will only act to ensure that these dynamics do not
influence behavior at the final time, not to avoid vibration or
oscillation at intermediate transitions.

The open-loop, on–off control strategy presented here func-
tions best when the system model is well known, and distur-
bances or uncertainty in modeling have known and bounded
magnitudes. For example, in the MEMS application discussed
here, analytical modeling of the piezoelectric rotational joint be-
ing controlled is useful in initial actuator design and setting up
controller parameters. It may be used to identify necessary sam-
pling periods and on–off drive circuit response times as well as
ranges of probable system parameters (such as spring stiffness or
damping). However, the accuracy of analytical models is limited
by variation in fabrication processes that is difficult to predict
before the actuator is completed. For instance, underetching
of the silicon layer beneath individual actuators and residual
stress in the thin-film piezoelectric and gold layers forming the
actuators results in a significant reduction in joint displacement
from its ideal performance. In addition, uncertainty in exact etch
progress and light upward tilt of the entire joint causes viscous
drag on the leg joints to vary over the course of motion, with
resulting nonlinear deviations in damping coefficient. Once a
leg joint is in use, an experimentally identified model is best
used for final controller design. Even so, the on–off controller
has no direct ability to adjust to variations in the plant due to
environmental changes or external disturbances. It may only be
designed, as described in this paper, to minimize error over a
range of potential variations and disturbances.

Nonetheless, on–off switching control has a tremendous ad-
vantage in terms of power consumption, as switching an on–off
signal at select time points requires much less power than ana-
log drive circuitry or high-frequency PWM inputs. Because of
its very small energy usage, this controller could provide useful
baseline control for autonomous microrobotics. On–off control
with a desired final time is especially well suited to quasi-static
walking, with multiple legs driven through coordinated motions
over a specified time, at which legs in contact with the ground
are raised and raised legs lowered for the next step, and absolute
precision of an individual leg is not as important as assured for-

ward progress. In such an application, total inertia of the system
would be much larger than that of the leg alone, while damping
in the system will depend on the geometry of the body and feet
as well as legs. In practice, the environment and loads on the
robot may change dramatically, requiring some level of adapta-
tion or feedback. A variety of optimized on–off sequences under
different load conditions may be stored for use, or the optimal
on–off sequence may serve to initiate adaptive control using
only occasional or very low frequency sensor feedback to make
modest adjustments to the input sequence, while keeping power
consumption low.

VIII. CONCLUSION

The chief conclusions of this paper, then, are based on the
idea that while thin-film piezoelectric actuation may one day en-
able unique mobility capabilities from microscale autonomous
robots, achieving directed appendage movements will require
aggressive reduction in power consumption throughout the servo
control system. In this paper, we focus on modeling leg dy-
namics and reducing power consumption by the actuators and
in the drive circuit interfacing low-voltage control electronics
with a high-voltage actuator supply. In particular, we introduce
a simple optimization method for achieving minimum energy
on–off control when switching costs are substantial. We have
applied the control algorithm to both a macroscale piezoelectric
test bed and to prototype microrobotic leg joints, successfully
directing the states of the systems to desired target values. In
addition, with use of an inverter circuit specifically designed
for low-power operation, we can limit leakage current while
driving the actuators and obtain our desired motions with just
a few microjoules per leg step, within the predicted energy and
power limitations of future microrobotic platforms, and well
below more conventional control implementations. Controlled
motions are completed successfully with better than 10% posi-
tioning accuracy given a linear model, and better than 15% in
simulation against a disturbance forces greater than 1 mN, and
thus, larger than we would expect the actuator to face. How-
ever, further improvements in accuracy are difficult given the
ultralow power open-loop strategy, such that further robustness
to parameter variation or disturbances would require a true feed-
back implementation, and thus, increased servo system power.
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