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A B S T R A C T

Simulating repeating loading events on dynamic systems can be challenging when large timescale
disparities exist coupled with aperiodic effects. Batteries driving switched/pulsed loads represent one
such situation. Large timescale disparity can be experienced by solid-state batteries driving switching
microactuators or microelectronics, due to extremely short transient response times of microscale
systems relative to some of the battery’s own dynamics. Projecting state changes over a long series of
fast-timescale loading events using a transition matrix approach was shown previously to significantly
reduce numerical expense of simulation compared to full modeling. Here we develop an approach for
further accelerated simulation of a battery driving a microelectromechanical system (MEMS) actuator
that quantifies errors and addresses overhead expenses in projecting battery states across multiple fast
events. This is done with a definition of system states that allows efficient transition matrix generation,
and an analysis of key errors associated with projection. This error analysis enables targeted modification
to the transition matrix during projection. A case study explores these modeling approaches in a
capacitively loaded, battery usage scenario of a piezoelectrically-driven microrobot where the proposed
improvements reduce the numerical cost (function calls) by over 44x from the prior approach. Conditions
for further simplified modeling are discussed.
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1. Introduction

Thin-film solid-state batteries provide a convenient power
source for many small engineered systems, particularly micro-
systems based on integrated circuit and micro-electromechanical
system (MEMS) technologies. In many such systems, battery
loading occurs as repeated short-duration transient events, such as
to drive microactuators or switching electronics in periodic
operation. Individual loading events may occur over time periods
of just a few microseconds, given the high bandwidths of
associated electrical or electromechanical components, while
complete battery discharge may occur over several hours. This
vast disparity in timescales can make high-fidelity simulation of
battery behavior based on physics-based partial differential
equation models, very challenging. Nonetheless, such simulation
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can be beneficial for understanding influences of system-level
design choices (i.e. loading frequency and component sizes) on
anticipated battery performance or assessing the accuracy of
simplified reduced-order or equivalent circuit battery models. This
paper thus proposes a strategy for efficiently simulating repeated
transient loading effects on a solid-state battery model using a
numerically-identified state-transition matrix approach, and
illustrates how error analysis of the numerical method can be
used to further improve simulation efficiency and/or accuracy.

In general, modeling of power/battery systems can be an
important tool for improving design and control, and has been
performed in a variety of ways including electrochemical [1–3] and
equivalent circuit modeling [4,5]. Different approaches for model
reduction have also been attempted to make the system easier to
handle. For example, Santhanagopalan et al. [6] compares model
reduction strategies for lithium-ion batteries with porous electro-
des, for full discharge cycling; Kim and Qiao [7] present a hybrid
model that combines simplicity with nonlinear effects with
demonstration on a limited number of pulses during discharge;
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Nomenclature

Symbol and description
Y Normalized lithium concentration, subscript

denotes positive electrode (+) or electrolyte (e)
T Normalized time
X Normalized spatial location in positive electrode
D Normalized diffusion coefficient
I Normalized current
V Normalized voltage, subscripts denote various

locations in the battery
aa Anodic charge transfer coefficient subscripts

denote positive or negative electrode
U Normalized open circuit potential
A; B Finite difference matrices
r Finite difference vector containing boundary

condition information
p; r; q; s; C Variables used for finite difference matrix formu-

lation
h Finite difference element length
t Finite difference time step length
F Transition matrix
B�; r� Modified matrix/vector accounting for boundary

concentrations
E Error

Fig. 1. MEMS micro-robot [12] switching and actuation schematics. A micro-robot
schematic with a simplified equivalent circuit overlaid in red on the robot body is
shown. A simplistic battery switching schematic, with an H-bridge (represented
schematically as a simple single-pole double-throw switch) is shown, and similar
simplistic switching was used in the case study here. A sample battery discharge
profile is shown with a representative single capacitor charge cycle profile. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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and Afshar et al. [8] uses a reduction method to address the
boundary conditions transforming them to differential equations
through linearization.

In microscale applications, it is also important to understand
the usage of battery capacity due to the limited payload and
footprint available. The effects of intermittent loading on different
types of batteries have been discussed in the literature with
varying opinions [9–11]. Additionally, from a computational
perspective, merely modeling the individual loading event
dynamics can be numerically expensive. Fully modeling this
problem, when coupled with the many loading events (potentially
millions), can be impractical.

One example of intermittent battery loading for MEMS devices,
to be the focus of the case study in this paper, is that of switched
piezoelectric or electrostatic MEMS actuation, both of which act as
capacitive loads in terms of electrical behavior. This type of loading,
especially when coupled with power electronics’ dynamics, can
have effects on multiple timescales as is shown in the conceptual
schematics of a microrobot in Fig. 1 based on work in [12]. The
authors have previously shown experimentally that useful battery
lifetime when driving a capacitive load can have complex
dependence on details of switching frequency, load capacitance,
and various circuit current and switching losses [13]. From a
modeling perspective, the authors have also shown that resulting
battery behavior can be captured through adaptation of existing
thin-film electrochemical models [2,3] through inclusion of
additional switching and loading effects [14]. However, the
accumulation of repeated individual loads created a dual-
timescale problem when analyzing battery behavior over a
complete discharge. In the earlier work, this was addressed by
systematically perturbing system states, or changes in Li concen-
tration at discretized points. In that manner, a numerical Jacobian
or “transition matrix” could be developed describing changes in
the system states over one fast-dynamic event. That transition
matrix then could be used to approximate (or “project” over)
multiple fast-dynamic events. This permitted simulation of battery
discharge to be greatly accelerated, but simulation remained
extremely computationally expensive and dependent on available
hardware for parallelizing transition matrix development due to
the large number of perturbations required. Furthermore, sources
of accumulated error between the full model and accelerated
simulation were not readily identifiable.

From a numerical methods perspective, the modeling and
simulation of systems with disparate timescales is known to be
challenging. Nonetheless, different approaches can be used
depending on the specifics of the problem being analyzed. Engstler
and Lubich presented an extrapolation approach where aspects of
the problem are inactivated during portions of the extrapolation to
reduce computation [15]. Constantinescu and Sandu extended this
for “extrapolated explicit and implicit compound multirate steps”
[16]. Roychowdhury discusses analysis of multiple time scale
circuits by using different time variables [17]. Edwards shows an
example approach with a heat conduction problem of two
timescales [18]. A broad discussion on the topic of multiple
timescales is given in [19].

Due to several features common to electrochemical battery
modeling, the implementation approach of these traditional multi-
scale methods may not be directly applicable. These aspects
include: variable coefficients (seen in the concentration depen-
dency of the diffusion coefficient), multiple timescale boundaries
(slow evolving open circuit potential and fast switching dynamics),
Neumann-type boundaries (positive electrode concentration),
non-linear algebraic constraint of the boundary (exponential form
of the Butler-Volmer equations), and the fact that the slow
dynamics are produced due to accumulation of repeated fast
dynamic events. While this does not preclude the possibility of
adapting the above methods to the thin-film battery simulation
problem examined here, this paper focuses on transition matrix
methods as introduced above.

Here, we propose the use of intrinsic dynamics and numerical
error analysis to model thin-film solid-state battery behavior over
repeated fast timescale loading events in a computationally
efficient form. First, we review the basic electrochemical battery
model applied in previous work. Then, we describe how to directly
compute a transition matrix for states of the discretized
electrochemical model over fast timescale events using lithium
concentration as the states of a dynamic system. This substantially
reduces overhead in identifying the transition matrix relative to
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past work. Next, further understanding/improvement of projection
of system states is achieved through an error analysis performed to
decouple sources of error caused by approximations of various
nonlinear phenomena that influence the state projections. In
combination with knowledge of the expense of reducing certain
error contributions, this allows for targeted error reduction.
Finally, we demonstrate implementation of these modeling
approaches in a case study looking at cyclic capacitive loading
of a thin-film battery, arranged to mimic effects that might be seen
in a microrobotic application [12,20,21]. The implementation of
these modeling techniques is able to provide over a 44x reduction
in function calls compared to our original approach [14] and a
99.96% computational reduction over a full simulation of the
battery discharge, with additional savings possible with more
aggressive updating and/or optimized time-stepping.

2. Modeling approach

2.1. Modeling nomenclature

Three main approaches to accelerated simulation of battery
discharge are discussed in this paper, and will be referred to as
follows. The approach from our prior work [14] that was based on
perturbation of states, where the states were defined as changes in
concentration, will be denoted as the “perturbed state approach.”
The current work develops a transition matrix that is developed
directly from a modeled load and will be denoted as the “direct
transition matrix approach.” Additional improvements are made
by targeted updates based on information gathered from the error
analysis and this approach will be denoted as the “updating
transition matrix approach.”

In our prior work [14] we referred to the proposed type of loading
as “cyclic capacitive” where “cyclic” refers to the repeated switching
of a load (e.g. load on/load off), and “capacitive” refers to a load that
behaves similar to an electrical capacitor. In common battery
terminology “cycles” or “cyclic” generally refers to the full battery
charge and discharge, additionally capacity and capacitance are
easily confused. To avoid confusion, in this paper we will denote a
single capacitive loading period (the actuator, represented by a
capacitor, is charged and then discharged from the battery) as a “cap-
cycle.”

2.2. Modeling background

The foundation of our modeling approach is based on a one-
dimensional electrochemical model of a thin-film battery pre-
sented in Fabre et al. [22] and others [1,3]. This was augmented
based on the authors’ findings in [13] to accommodate repeated
cap-cycles [14]. A brief overview of the electrochemical equations
will be given here. For a more through development, approx-
imations, and assumptions, see the prior works [1–3,14]. The
essence of the electrochemical model is a combination of the
diffusion equation and boundary conditions describing the Li in the
positive electrode, and a current balance through the battery based
on the Butler-Volmer equation describing voltage changes at the
electrolyte boundaries and Ohm's law describing the voltage drop
across the electrolyte. This formulation is a partial differential
equation (PDE) with Neumann boundary conditions, where one of
those boundary condition is coupled algebraically to the voltage
changes in the battery. The equations were nondimensionalized as
noted in [14]. This gives us a nondimensional diffusion equation
and boundary conditions for the positive electrode:

@Yþ
@T

¼ @
@X

D Yþð Þ@Yþ
@X

� �
ð1Þ

@Yþ
@X

¼ f 1 Ið ÞjX ¼ 0 ð2Þ

@Yþ
@X

¼ 0jX ¼ 1 ð3Þ

where the double struck charterers (e.g. Yþ) symbolize a
normalization or nondimensionalized value: T is time, Y+ is the
concentration in the positive electrode, X is the spatial variable in
the positive electrode, D Yþð Þ is the concentration-dependent
diffusion coefficient in the positive electrode, and I is current
which in part describes the positive electrode/electrolyte Neu-
mann boundary condition. This current at the boundary needs to
be balanced with the current through other parts of the battery
using the Butler-Volmer equation which relates current and
potential changes within the battery (electrode/electrolyte inter-
faces):

I ¼ f Ye; Yþð Þ �exp aaþ � 1ð Þ � V3 � V2 � Uð Þð Þ½ � ð4Þ

I ¼ g Yeð Þ exp aa� � �V1ð Þ � exp aa� � 1ð ÞV1ð Þ½ � ð5Þ
where f and g are functions of the current state of concentrations of
the positive electrode Yþð Þ and electrolyte (Ye, approximated as
constant); aa is the anodic charge transfer coefficient with
additional subscripts denoting the positive or negative electrode;
V1,V2, and V3 are the voltages of the electrolyte at the boundary of
the negative electrode, the voltage of the electrolyte at the positive
electrode boundary, and the voltage of the positive electrode
respectively; and U is the open circuit potential describing the
battery potential at equilibrium for a given concentration in the
positive electrode, and was determined from a combination of
supplier data and experimental data. A basic schematic of the
system setup is given in Fig. 2.

These equations were implemented with a combination of
optimization and finite difference approaches to converge on
currents and concentrations in the battery as suggested by Fabre
et al. [22], with implementation aided by additional numerical
method techniques from [23] and [24]. Additional approximations
included by Fabre, and retained in our model include: no potential
drop in the negative electrode, constant conductivity in the
electrolyte, and no self-heating effects. Additionally we treat the
positive electrode as a perfect electrical conductor so no voltage
drop occurred. For simplicity the diffusion coefficient was based on
the concentration of the previous time step, removing the time
dependency.

The model in the non-dimensional form comes down to nine
key parameters as noted in [14]. These parameters can be
summarized as: one describing the characteristic time of the
diffusion, one describing the positive electrode current and
capacity, five that involve the electrolyte and electrode/electrolyte
interface, one characterizing the parasitic capacitance, and one
characterizing losses in the switching circuit. The approach for
calibration is currently to iteratively step through calibration with
subsets of the parameters, with potential for improvement and
extension to determine changes over battery life.

Due to the fast changes that can take place in repeated cap-
cycles, it may be necessary to discretize with very fine time steps
during certain periods in the finite difference approach.



Fig. 2. Battery model schematic. The one-dimensional battery model is shown with the voltage and spatial locations. The corresponding equations are indicated. Adapted
from [14].
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Numerically, the result of these fast dynamics is an increase in
numerical expense for solving a single cap-cycle. This becomes
problematic when extending the modeling to long periods of time,
where it is not realistic to perform detailed modeling for all cap-
cycles. Therefore an approach for taking current system states and
being able to project these over many repeated cap-cycles in the
future is of great interest.

2.3. Projection modeling: direct transition matrix approach

Various sets of system quantities can be used as states of a
dynamic system. The “perturbed state approach” used changes of
concentration in the positive electrode DYþ

� �
as states of the

system and was presented by the authors with the basic switching
model in [14]. This projection approach used perturbation of the
concentration changes at each finite difference grid point of the
positive electrode independently to build a numerical Jacobian or
transition matrix. One major limitation of this approach was the
necessity to perturb the system for each grid point. This burden can
be reduced through parallel processing. However, it was deter-
mined that if a change was made to the state definition, then the
transition matrix could be developed directly from the model
without the need of perturbations. Instead of using the change in
concentration, D Yþ, as the states of the system, the concen-
trations themselves, Yþ, were used. The transition matrix
associated with these states then becomes the accumulated finite
difference steps during each cap-cycle. This change may seem
insignificant, yet as will be seen can have important implications
for computational efficiency.

The basic development of the new transition matrix is
presented here. The positive electrode lithium concentration
profile calculated by the finite difference is a function of the
current and diffusion coefficient. The current dictates the
boundary condition and all points are functions of the diffusion,
which in turn is dependent on the concentration (for simplicity the
diffusion coefficient was based on the concentration of the
previous time step). The finite difference approach in concentra-
tion used to solve Eqs. (1)–(3), can be expressed as:

Ai;nYi;nþ1 ¼ Bi;nYi;n þ ri;njA; B ¼ f Dð Þandr ¼ g I; Dð Þ ð6Þ
where Yi;n is the concentration profile vector in the positive
electrode at time step “n” of cap-cycle “i.” Matrices A and B are
functions of the diffusion coefficient and r incorporates the
boundary conditions for the given time step including the
information about the flux (based on the electrical current) and
the diffusion coefficients at the boundary.
The implementation of this in practice was done using a
combination of information from [23] and [24], with the finite
difference matrices set up as follows to account for a non-uniform
mesh. For a 1D mesh of N + 1 grid points, let hk be the distance
between grid point k and k + 1, Dk be the diffusion coefficient of the
grid point (based on the concentration from the last time step), and
t the time step size. We can then define:

pk ¼
h2
k

4h2
k�1

Dk�1 þ
3h2

k�1 þ 2hk�1hk � h2
k

4h2k�1

Dk �
1
4
Dkþ1 ð7Þ

rk ¼
1
4
Dk�1 þ

�h2
k�1 þ 2hk�1hk þ 3h2k

4h2
k

Dk �
h2
k�1

4h2
k

Dkþ1 ð8Þ

qk ¼ � pk þ rkð Þ ð9Þ

sk ¼
hk�1 þ hkð Þ2

2t
ð10Þ

We then can build the inner parts of the A and B matrices from
(6):

A k; k � 1ð Þ ¼ �pk
A k; kð Þ ¼ sk � pk
A k; k þ 1ð Þ ¼ �rk
B k; k � 1ð Þ ¼ pk
B k; kð Þ ¼ sk þ pk
B k; k þ 1ð Þ ¼ rk

ð11Þ

Using ghost points we address the diffusion coefficient at the
boundaries,

C ¼ 2h21
t

ð12Þ

A 1; 1ð Þ ¼ C þ 2D1 A 1; 2ð Þ ¼ �2D1
A N þ 1; Nð Þ ¼ �2DNþ1 A N þ 1; N þ 1ð Þ ¼ C þ 2DNþ1

B 1; 1ð Þ ¼ C � 2D1 B 1; 2ð Þ ¼ 2D1
B N þ 1; Nð Þ ¼ 2DNþ1 B N þ 1; N þ 1ð Þ ¼ C � 2DNþ1

ð13Þ

Finally, to incorporate the Neumann boundary conditions we
convert the value to a Dirichlet condition for that time step to build
the r vector from (6), which is zero except the first element.

r 1ð Þ ¼ DNþ1 ð14Þ



Fig. 3. Model and validation data comparison full battery discharge. Validation data
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With the finite difference matrices formulated we can then
incorporate the boundary condition information in r with B such
that (6) is rewritten as:

Yi;nþ1 ¼ A�1
i;n B

�
i;nYi;njB� ¼ f I; D; Yi;n

� � ð15Þ

If I, current, and D, diffusion coefficient, are known at each time
step in a cycle, the matrices A and B can be determined directly.
Thus, the full cycle transition matrix F can be calculated as:

Yiþ1;1 ¼ FiYi;1 ¼
Yn
j¼1

A�1
i;j B

�
i;j

0
@

1
AYi;1 ð16Þ

This allows us to create the transition matrix from a single cap-
cycle as a composite of all the finite difference steps. If we assume
that the transition matrix is approximately constant over the
projection of m cap-cycles, then, as in the perturbed state approach,
we have:

Yiþm;1 ¼ Fi
� �m

Yi;1 ð17Þ
This enables one to use the transition matrix from a single cap-

cycle to project over many cap-cycles similar to the perturbed state
approach. Performing the calculations this way allows us to get an
approximation of the states throughout the projection without
needing to solve the algebraic component created by the Butler-
Volmer equations, which is a critical source of computational
complexity in this type of problem. Additionally, depending on
hardware, this approach can have significant overhead reduction
compared to the perturbed state approach.

There are two main limitations to this approach. First, as with
the prior approach, we assume a constant transition matrix over
the projection, which in essence approximates no changes in cap-
cycle current and diffusion coefficients profiles over the projection,
as well as certain aspects of the boundary concentration
information. This assumption will likely be the main limitation
in size of projection that can be made for a given permissible error,
and will have varying effects dependent on the nonlinearities and
loading of the system. Second, by defining the system states as the
concentration levels, instead of differential concentration as in our
previous work [14], we may reduce the sensitivity due to
numerical round off error. However, loss in sensitivity can be
outweighed by decreased numerical expense in our current
application.

2.4. Error analysis

Since a major limiter to the projection size is the error caused by
the approximation of a constant transition matrix over the full
projection, understanding the severity of various components of
this error provides insight for its mitigation. Therefore, here we
performed a detailed error analysis of the assumptions related to a
constant transition matrix. To frame this analysis we need to revisit
the formulation of the direct projection transition matrix,

Yi;nþ1 ¼ A�1
i;n Bi;nYi;n þ rn

� � ¼ A�1
i;nB

�
i;nYi;n: ð18Þ

In the first part of the equation rn is independent of Y; however,
to bring this boundary condition information into the transition
matrix, rn is incorporated into B* resulting in B* necessarily
becoming coupled with the concentration Y around the boundary.
We can rewrite (18) as

Yi;nþ1 ¼ A�1
i;n Bi;n þ r�n

� �
Yi;njr ¼ f Ii;n; Di;n; Yi;n

� � ð19Þ

where r* assumes the dependence on Y around the boundary. If we
assume N finite difference steps for one full cap-cycle, we can then
express the concentration changes over the entire cap-cycle as:

Yi;Nþ1 ¼ Yiþ1;1

¼ A�1
I;N BI;N þ r�I;N

� �
. . . A�1

I;1 BI;1 þ r�I;1
� �

YI;1

jA; B ¼ f Dð Þ; r� ¼ f I; D; Yð Þ

¼
YN�1

j¼0

A�1
i;N�jBi;N�j þ A�1

i;N�jr
�
N�j

n o
Yi;1

¼ FiYi;1

jFi ¼ f I; D; Yð Þ ð20Þ
Here we see that the transition matrix F is in reality a function of
the current profile during the cap-cycle, I, the diffusion coefficient,
D, and the concentration Y around the boundary. Using the
projection approaches described previously, F is approximated as
constant over the projection. The error associated with this
simplification can be divided into three main components. First is
error due to changes in the diffusion coefficient in the main bulk of
the electrode. This is caused by the concentration dependence of
the diffusion coefficient and comes from errors associated with the
A�1 and B matrices. Second is error due to the changes in the
current profile from one cap-cycle to the next. Third is error
associated with changes in concentration and diffusion at the
boundary. This accounts for the diffusion and concentration
dependency of r*. If we assume that the transition matrix is based
on some earlier cap-cycle “O,” we can define these errors as
follows:

EA�1 :i;n ¼ A�1
O;n � A�1

i;n
EB:i;n ¼ BO;n � Bi;n
Er� :i;n ¼ r�O;n � r�i;n

ð21Þ

where EA�1 :i;n is the error or difference between the values of A�1 in

the current cap-cycle “i” and time step “n”, A�1 of time step “n” for
the earlier cap-cycle “O” on which the projection transition matrix
is based. Similarly with EB:i,n and Er� :i;n. The error Er� :i;n is a
combination of EI:i,n, the error associated with the change in the
current profile, and EB:i,n, the error associate with the boundary
concentration and diffusion,

Er� :i;n ¼ EI:i;n þ EB:i;n ð22Þ
is averaged unlike that shown in [14].



Fig. 4. (Left) Model and validation data comparison of a detailed capacitor charge profile. Error bars show error from rolling average and from discrepancy between battery
and capacitor voltage readings. (Right) The validation and model data are presented with just key features showing the fit in select cycles and over the full battery discharge.
Error bars are omitted from the experimental data.

Fig. 5. Lithium profile in the positive electrode at the beginning of the three
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Using this we can generalize and rewrite Eq. (20) as:

Yiþ1;1 ¼ f A�1
O ; BO; r�O

� �
� f A�1

O ; BO; r�O; EA�1 :O; EB:O; EI:O; EB:O

� �n o
Yi;1

ð23Þ
A more thorough formulation of this expression can be done,

but does little here to further the topic so will not be presented.
Details of the findings will be given later.

2.5. Projection modeling: updating transition matrix approach

Ultimately our goal is to be able to model these systems in an
accurate, numerically reasonable way. The ability to analyze the
error and to separate the various components and interactions is
extremely helpful in determining potential error reduction
strategies. If at select steps in the projection we could update
the transition matrix with real or approximated values, we could
potentially lengthen the projection and/or reduce the error. Some
key considerations are as follows: first, updating B, D, and I of a
step during the projection would in essence be similar to running a
full model and would essentially eliminate error (and give no
numerical savings); second, updating I is numerically expensive in
that we need to calculate the Butler-Volmer equations for each
time step of the cap-cycle to gather that information, which is
likely comparable to performing the full model; third, updating D

and B, can be done at a lower numerical cost because an
approximation at each time step can be determined without
needing to solve the algebraic aspects of the Butler-Volmer
equations. Using these considerations and outcomes from the error
analysis we implemented a transition matrix updating method
where key aspects of the transition matrix are adjusted at certain
points in the projection.

3. Case study: thin-film battery loading

With a modeling approach fully developed, it is instructive to
see this technique demonstrated in a case study. As mentioned
previously, one problem of interest for this type of modeling is
loading of thin-film batteries with repeated capacitive loads, such
as what could be seen in certain microrobot applications
[12,21,25]. For example, walking gaits for a piezoelectric micro-
robot requires repeated charging of piezoelectric actuators that
behave electrically as capacitive loads. The modeling incorporated
findings based on a simplistic switching approach from the
authors’ in [13] to accommodate repeated cap-cycles and the
perturbed state approach in [14]. This application can see fast
current and voltage changes at times, necessitating fine discreti-
zation during certain time periods in the finite difference
approach. Using the approaches mentioned here for taking current
system states of the battery and being able to project these over
many repeated cap-cycles in the future is of great importance. For a
given permissible error in projection, projection lengths will need
to be shorter later in the battery discharge as non-linearities
increase, as seen in part in the battery discharge profile sketch in
Fig. 1. For this case study, permissible errors were set and simple
algorithms implemented to determine projection size.

It is worth noting also that the given load scenario of the case
study in this and prior modeling work by the authors is a light load
and it has been determined that simpler underlying battery models
could be used with equal validity. However, the electrochemical
model presented here gives a broader range of applicability than
simpler models do (such sceneries have been identified) and
allows for more direct parameter correlation, such that the
projections for error analysis.
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modeling concepts and approaches presented are considered valid
and useful. Some minor issues with the model implementation
were addressed for the two new approaches presented here, and
the current implementation shows some limitations at times when
the battery has low loads on the order of the leakage current of the
circuit that cause some numerical oscillations, but these issues are
minor.

3.1. Experimental data acquisition

Experimental testing was performed previously, for calibration
and validation, to simulate a load profile similar to a cycled
piezoelectric actuator, using a standard capacitor (constant current
discharges were also used in calibration). The batteries used for
experimental testing were 50 mAh thin-film lithium batteries from
CymbetTM [26]. These batteries had a chemistry that would
potential be suitable for microrobotic applications, although form
factor and other aspects of off-the shelf batteries is not currently
compatible. It appears that these may be “Li-free” batteries,
meaning the lithium negative electrode is likely plated on the
current collector during the first charging of the battery rather than
an ideal lithium source, yet our modeling still appears adequate.
Model calibration and initial results were published in [14].
Detailed description of the limitations in the data is given in
[13,14], however four main general points will be noted. First, the
current measurement for the cycled tests was measured with an
AC probe and converted to a DC reading with accuracy limited by
the conversion approach. Second, substantial noise and extraneous
effects in the cycled data had to be addressed. Third, the testing
was performed with multiple batteries, so some variability was
introduced. Fourth, constant current data used for calibration,
which reported lower capacities then the published data sheet,
was linearly scaled to correspond with those of the calibration
switching data set based on an equivalent current in attempt to
account for differences in dataset acquisition/assumptions and
ultimately to align assumed comparable capacity usage [14]. It is
unclear why the constant current data would be further from the
published data values when it was taken with a more straightfor-
ward measurement approach. Because of these limitations, the
data here is used more for model approach validation rather than
for use as precise experimental result presentation. Representative
profiles of the switching dynamics will be shown later.
Fig. 6. (Left) Integrated concentration error per cap-cycle for three separate projections
3.2. Direct transition matrix approach

From the validation dataset, the starting voltage is input into
the model as an initial condition (all other information comes from
the calibration). This starting voltage measurement is influenced
by the leakage current, and is accounted for in the model as before
[14]. An algorithm was developed to determine projection size
based on permissible errors. Projections ranged from 100 to 40,000
cap-cycles, with more aggressive projection possible. A certain
number of fully simulated cap-cycles after each projection were
generally added to allow the model to settle. Projections began
after the 200th cap-cycle, where projections began after the 300th
cap-cycle in the perturbed state approach.

The overall discharge profile of the battery validation dataset
[14] and the direct transition matrix approach are shown in Fig. 3
and show good agreement. In addition to the overall battery
discharge profile, comparison was made between experimental
data and the direct transition matrix approach for detailed profiles
of the capacitor charge. Two sample charge profiles are given in
Fig. 4, and are combined with the overall discharge profile to
represent the fit of the model and validation data over time. This
fitting of the individual cycles is comparable to the perturbed state
approach.

3.3. Error quantification

Quantification of errors caused by approximations during
projection is desirable for targeting modeling improvements.
One simplistic method of error quantification is through perform-
ing comparison between full modeling of a series of cap-cycles and
an associated projection over the same series. This preliminary
error quantification was performed for three separate series in the
modeled battery discharge that represent three key regimes. The
first series begins near cap-cycle 200 of the discharge, where non-
linear affects are low. The second series begins near 1e6 cap-cycles,
which still has low nonlinearities in the open circuit potential
profile but is in the range where diffusion coefficients are changing.
The final series begins near 1.4e6 cap-cycles. Here, there are
significant nonlinearities and the error grows quickly with
projection size. Each of these three series were fully simulated
for 1000 cap-cycles, and a corresponding projection was also
calculated over the same period.

Two aspects of the error seen between the fully simulated cap-
cycles and the projected cap-cycles are of interest. First is the
. (Right) Boundary concentration error per cap-cycle for three separate projections.
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boundary condition Yþ 0ð Þ, the normalized lithium concentration
at the positive electrode/electrolyte boundary, which is approxi-
mated to range from 0.5 if a battery is fully charged to 1 V/V and 1 at
fully discharged. This boundary influences the voltage of the
electrode as well as indicates when the battery is fully discharged.
Second is the integrated area of the lithium concentration profile in
the positive electrode. This is an expression of the amount of
capacity used, and conversely, the amount of capacity left in the
Fig. 7. Error analysis results. Errors associated with using information from the base (10t
to the full modeling of that cap-cycle. (Left) Error in the boundary concentration. (Right) E
by the change in concentration of the 200th cap-cycle. (Middle) Ratio of the error for eac
cap-cycle. (Bottom-Right) The boundary diffusion coefficient and voltage, given for ref
battery. The lithium profiles across the positive electrode at the
beginning of the three projections are shown in Fig. 5. For faster
switching (higher average current) and for lower diffusion
coefficients, the profiles would show more variation across the
electrode.

For each of the three series, the error over the 1000 cap-cycles
was calculated as the difference between the normalized lithium
concentration in the positive electrode, Yþ 0ð Þ, of the direct
h) cap-cycle to calculate the concentration change for the given cap-cycle compared
rror in total integrated concentration. (Top) Error for the given scenarios normalized
h scenario compared to the maximum absolute error of any scenarios for the given
erences to see the nonlinearities introduced.
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projection method and the fully simulated series results (i.e. no
projections over the 1000 cap-cycles).

This error was then normalized by the change in concentration
of cap-cycle 200. This means that the errors presented indicate
approximately the fraction of the change seen in one regularly
modeled cap-cycle. The errors per cap-cycle are given in Fig. 6.

It can be seen that the error for the boundary concentration is
quite low for series 1, yet is much higher for series 2 and 3 where
there are significant nonlinearities. However, for the integrated
concentration the errors are more similar, and the first series
actually showing slightly more error than the others. These plots
suggest that understanding of the error contributions over time
could potentially improve the accuracy of the projection, and/or
allow for larger projections or decreased numerical expense.

In light of this, a more thorough error analysis was performed,
as described in Section 2.4. The key feature of the error is that the
different components contribute to the combined error at different
Fig. 8. Error analysis plots for (Top) 100 Hz 10 nF for comparison (Bottom) 1 kHz 10 nF
calculate the concentration change for the given cap-cycle compared to the full modelin
integrated concentration. Error for the given scenarios are normalized by the change i
times and in different ways. To further understand these different
components we selected a reference cap-cycle near the beginning
of the full battery discharge (10th cap-cycle) as a base.

Using notation from Eqs. (18) and (23), we can develop the A
and B* matrices for all the steps in this base cap-cycle. These
matrices combined can form the base transition matrix.

In order to compare different components of the error, we
adjusted these base A and B* matrices in several ways for each cap-
cycle modeled. It should be noted that the cap-cycles modeled in
this error analysis are a large subset of the cap-cycles fully modeled
during the direct transition matrix approach. For each cap-cycle
analyzed we used the concentration profile determined in the
direct transition matrix approach, previously presented, as the
beginning concentration for the cap-cycle. Then the changes
associated with that cap-cycle were calculated in the following
way: First, the concentrations were calculated solely using the base
matrices (Base). Second, these base matrices were adjusted to
 load. Errors associated with using information from the base (10th) cap-cycle to
g of that cap-cycle. (Left) Error in the boundary concentration. (Right) Error in total
n concentration of the 200th cap-cycle.



Fig. 9. Comparison of the updating transition matrix approach with the direct
transition matrix approach, experimental data and the perturbed state approach in
[14]. Validation data is averaged unlike that shown in [14].
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account for diffusion coefficient difference in the bulk of the
positive electrode, thus removing that error component Dð Þ. Third,
the base matrices were adjusted to account for the current profile
difference, thus removing that error component Ið Þ. It should be
noted that the current profiles used to update the matrices were
from those stored during the full modeling, as these are not readily
available without fully modeling the cap-cycle. Fourth, the base
matrices were adjusted to account for boundary concentration and
diffusion differences, thus removing that error component Bð Þ.
Combinations of these adjustments were also performed. Because
the discretization in time for each cap-cycle was not necessarily
equal from cap-cycle to cap-cycle, linear approximations of some
values were made when applying data from one cap-cycle to
another. Finally these were compared to the fully modeled cap-
cycle obtained when running a full direct transition matrix
approach. The error then became the difference between the
concentration profile change in the fully modeled cap-cycle and
the profile developed using the base and augmented matrices. The
error between each approach and the fully modeled cap-cycle was
normalized by the change in concentration of the 200th cap-cycle,
as before. Boundary and total integration concentration errors are
presented in Fig. 7. Upper plots of Fig. 7 show the normalized error.

The middle two plots show a ratio of the error for each
adjustment approach compared to the maximum absolute error
seen in any of the adjustment approaches (including no adjust-
ment, or the base transition matrix) for the given cap-cycle. Finally,
in the bottom right the boundary diffusion coefficient and voltage
are given for reference to help visualize nonlinearities being
introduced into the system.

The overall error plots (top two plots) give an understanding
that the magnitude of the boundary error is significantly larger
than that of the total concentration error. Although not distin-
guishable in this plot, this is true for earlier loading events, but at a
smaller magnitude difference. Additionally, it is striking that the
total concentration error has a nearly linear rise compared to the
non-linear boundary error. Finally, the total concentration error
seems little affected by the changing diffusion coefficient and more
Table 1
Computational Expense for Various Projection Approaches.

Transition Matrix Approach Total Loading Events Funct

Perturbed 1.430e6 90510
Direct 1.430e6 6558 

Updating 1.430e6 2038 
affected by the voltage profile, whereas the boundary seems
affected by both. This last point compliments the determination of
which updating method gives the greatest improvement. For both
types of error the best results are when updating is done for all
three components, however if only updating two of the three, the
best updating approach is different for the boundary or total
concentration error (total concentration is benefited by the
updating I and B, and boundary concentration is benefited most
by updating the B and D). Combining these we can state that the
total concentration error is most affected by changes in the
electrical aspects of the system, that is current and voltage.
Whereas the boundary concentration error is more affected by
changes in the diffusion and boundary concentration. However, if
we were to switch those, the effect of updating only I and B has a
much more adverse effect on the boundary concentration than
updating only B and D has on the total integrated concentration.
Understanding this can allow error reduction in a more systematic
way.

For comparison, the same approach was used for a reduced
number of cap-cycles for a 1 kHz 10 nF loading, and the plots of the
normalized error are shown in the bottom plots of Fig. 8. It can be
seen that very similar error occurs at this elevated loading.

3.4. Updating transition matrix approach

Using the information gathered from the error analysis we
implemented a transition matrix updating method. For each
projection, at five points during the projection the transition
matrix was updated using current approximations of D and B.
Then if ni is the ith update for a projection of m cap-cycles and F�

ni
is

the updated transition matrix using the intermediate values of
Yiþni ;1 to update diffusion coefficients and boundary conditions,
we have

1; 2; . . . ; n1 � 1; n1; n1 þ 1; . . . ; ni; . . . ; m
Yiþn1 ;1 ¼ Fi

� �n1Yi;1

..

.

Yiþm;1 ¼ F�
nx

� �N�nx

Yiþnx ;1

ð24Þ

In this way the transition matrix has some approximated
updating during the projection to increase fidelity. The numerical
cost for the combined five updates was equivalent to about one
regular function call or cap-cycle.

3.5. Approach comparison

The overall discharge profile of the battery validation dataset
and the perturbed state approach [14] is compared to the two
projection approaches presented here and is shown in Fig. 9. It can
be seen that there is close agreement with all approaches.

To compare the numerical costs between the perturbed state
approach and the approaches reported here it is useful to look at
the number of cap-cycles fully modeled (or equivalent function
calls) compared to the total number of cap-cycles modeled
(including projections). To perform this calculation, certain
approximations had to be made as to how to deal with overhead
and parallel processing. It is understood that this is not a perfect
comparison between the three approaches in that the some
ion Calls Approx. Function Time [hr] Numerical Cost

 75.4 6.3%
5.5 0.46%
1.7 0.14%
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variations existed between the methods (e.g. number of cap-cycles
before projections began, parallel processing, overhead, and
allowed error algorithm variation), but the comparison is still
considered instructive.

For the given hardware and permissible error algorithms used,
the direct approach had a numerical cost of 0.08% (equivalent
function calls/total cap-cycles) after �0.74 million cap-cycles and
0.46% after �1.43 million cap-cycles where the updating approach
was only 0.14% after �1.43 million cap-cycles. This may be
compared to our previous approach, the perturbed state approach,
with states of differential concentration [14], which reported a cost
of 0.19% after �0.677 million cycles, and 6% after �1.43 million
cycles. A comparison of the three projection transition matrix
approaches is given in Table 1 where the numerical expenses are
compared with representative times.

It is acknowledged that costs will vary depending on hardware,
assumptions of overhead etc., and with acceptable error algo-
rithms, however, these findings highlight potential gains for the
direct and updating approaches. Times were based strictly off of an
approximate 3 s per function call which is a reasonable approxi-
mation for demonstration. The length of this function call is
important to highlight for two reasons. First, the time stepping
approach within each cycle was not optimized and improvement
could be made in future work in the time required. Second, even
with significant improvements in function call time, due to the
large number of total cap-cycles per test, any appreciable function
call time will likely necessitate model reduction methods. A final
note is that the computation time for the updating transition
matrix approach in this modeling scenario, was less than the
experimental run-time, thus suggesting potential pseudo-real
time applications.

4. Conclusions

Prior work by the authors aimed at exploring the potential of
modeling systems with repeated capacitive loading, in particular
for MEMS applications. This prior work combined switching and
battery dynamics to explore the effects of this type of loading on a
potential battery system. However, numerical expense of one
capacitive load event (cap-cycle) was significantly numerically
intensive to preclude reasonable modeling of the proposed full
system. Therefore, a projection approach was presented in that
work to reduce this expense by projecting system states over large
series of consecutive cap-cycles. This perturbed state approach
greatly reduced the numerical expense, however, significant
expense was still required.

This work adapts and expands the perturbed state approach in
two significant ways. The first (denoted as the direct approach in
the text) is in a fundamental redefinition of the states of the
system. By defining the states of the system to be concentration
values rather than differential concentrations, the transition
matrix is developed directly from the model, eliminating the
need for state perturbations. This in turn reduces the numerical
overhead while achieving very similar results to the perturbed
state approach.

The second improvement is based on information from an error
analysis of the projection. By understanding various components
and sources of error in the projection, based on approximations
inherent in the transition matrix, an error reduction strategy was
developed and implemented. This approach periodically updated
diffusion coefficient values and boundary diffusion coefficient and
concentration values during projections based on the direct
transition matrix approach. The numerical expense of updating
can be significantly cheaper than running a full model due to the
fact that the algebraic relationships of the Butler-Volmer equations
do not have to be resolved. This approach, with the simplistic
implementation presented here, has modest gains over the direct
approach, however, greater improvements are undoubtedly
achievable.

A case study was run to demonstrate the implementation of
these projection approaches and significant reduction in numerical
expense was seen. Although for the given loading conditions in the
scenario presented, more simplistic base models of the battery
could be used, the presented modeling approach can be used in a
broader range of loading cases, has more direct correlation with
physical parameters, and should be able to be adapted for even
more extreme loading conditions than currently suited for. This
approach can be used, for example, to explore design alternatives
for loadings of this type. This will be of particular importance in
regards to losses due to the parasitics in these systems. The
parasitic capacitance of the battery could be a significant fraction
of the losses in these loads that pulse the output battery voltage to
extreme values, and may be a deciding factor as whether this
loading of the battery is acceptable. Further work looking at the
cause of these parasitics and the possible reduction will be
important.

Other applications may be possible in that for the given loading
condition and hardware used here, the simulation time was less
than the computation time, suggesting that real time systems may
be targeted. However, more extreme loadings may create a higher
numerical cost and further adjustments and simplifications may
need to be made for use in real time systems with those loadings.
Additionally, this methods presented should be applicable to more
complex battery dynamics and/or areas beyond the current
electrochemical example.
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