
Abstract—A novel sensing and estimation scheme is 

introduced as an integrated part of a micro-stage based 

calibration method for a MEMS gyroscope. The proposed 

sensing scheme combines a periodically updating analog sensor 

with an event-based threshold sensor. A first derivative of 

Gaussian filter is applied to the threshold sensor signal to detect 

threshold crossings. A Kalman filter with the proposed sensing 

scheme is used to estimate the micro-stage’s states. In the 

measurement update steps, analog sensor measurement is used 

when a threshold crossings event is not triggered, and the 

threshold sensor measurement is used when the crossing event is 

triggered. The impact of detection error of the proposed 

threshold detection technique on the estimation performance is 

evaluated with estimation error covariance analysis and 

simulations.  

I. INTRODUCTION 

MEMS gyroscopes are subject to long term gain and bias 

drift, which can make accurate measurement difficult in many 

cases [1]. Laboratory calibration methods rely on high 

accuracy instrumentation, such as rate tables, and an external 

stimulus needs to be provided [2]. Another calibration 

approach is to model MEMS sensors’ noise and drift with 

respect to changes in environmental factors, such as 

temperature, and to compensate for the drift and bias 

accordingly [3]. However, such a calibration method is 

limited by sensors’ individual properties.  

An approach proposed [4], [5] and [6] is to use a 

piezoelectric micro-stage to approximate some functionality 

of a rate table, i.e., providing certain external stimulus and 

measurements to the gyroscope. In such a micro-actuation 

stage, high accuracy but asynchronous threshold sensor 

measurements are proposed for use in state estimation to 

assist noisy analog sensor measurement, as the latter are 

highly vulnerable themselves to bias and environmental 

effects. Figure 1 depicts the basic concept of such type of 

threshold sensor. In the side-view (upper left), the 

piezoelectric micro-stage contains a rotors and a stator. 

Electrodes are attached to the inner surfaces of the rotor and 

stator to create capacitance that varies with respect to the 

relative position of the rotor and stator. The position where 

rotor and stator fully overlap generates the largest 

capacitance, and this defines the threshold angle (lower left).  

To implement the proposed estimation technique, one 

key point is to overwrite noisy analog sensor measurement 

with more accurate but infrequent threshold sensor 

measurement whenever such an event is triggered. Such a 

sampling strategy resembles so-called event-based sampling. 

The strategies and corresponding estimation methods have 

been widely explored in last decades. Nguyen and Suh [7] and 

Sijs and Lazar [8] studied the situation where measurements 

are only transmitted then the change of signal or the change of 

the integration of the signal exceeds certain threshold value. 

In [9] and [10], a measurement is transmitted as binary digits 

to indicate if the measurement surpasses certain threshold 

value. 

 

Figure 1. Principles of threshold sensing with parallel electrodes: Schematic 
(upper left); capacitance vs. angular displacement (lower left)’; angular 

displacement vs. time (upper right); and threshold signal vs. time (lower 

right). 

Even with threshold sensing, signals being measured are 

almost always subject to a certain amount of noise and bias, 

and this can affect the detection accuracy and result in 

deteriorated estimation performance. So detecting whether 

the signal reaches certain threshold value is non-trivial. 

Furthermore, how the detection error affects estimation 

performance and how to minimize such impact has practical 

significance, but these issues have been much less reported. 

Rather, most previous work assumes the events are readily 

available with perfect knowledge of when threshold crossing 

events occurs. 

To address this issue, we first adopt an edge detection 

algorithm widely used in the imaging processing and 

computer vision field  [11] to detect if threshold sensor’s 

measurement reaches threshold value. A Kalman filter 

estimation is then implemented with the hybrid sensing 

scheme. We also derive a method to evaluate how such a 

detection algorithm affects estimation performance. 

Simulation results are presented for validation.  

This paper is organized as follows: Section II provides 

the model of the dynamics of the MEMS device and Kalman 

filter state estimation. Section III introduces the threshold 
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sensing mechanism, threshold crossing event detection 

algorithm and implementation. Section IV provides the 

Kalman filter state estimation with hybrid sensing scheme 

and derivation for error covariance. Finally, Section V and VI 

provide simulation results and conclusions.  

II. SYSTEM MODEL AND BASELINE KALMAN FILTER 

In this section, the dynamics of the piezoelectric stage are 

introduced, along with the associated Kalman filter using 

only analog sensor measurements. 

A.  System Dynamics of piezoelectric stage 

During the calibration process, the piezoelectric stage, 

together with the MEMS inertial measurement unit (IMU) as 

the payload, tilts along a specified axis, and both analog and 

threshold sensor measurements are provided by the stage for 

the purpose of gyroscope calibration [4]. The dynamics of the 

integrated system is assumed to be a linear, time-invariant 

second order system dynamics for the purpose of this 

discussion, with the system being described as 

�̇� = 𝐴𝑐𝑥 + 𝐵𝑐𝑢 + 𝑤 

𝑦 = 𝐶𝑐𝑥 + 𝑣        (1) 

where 𝐴𝑐 , 𝐵𝑐 , 𝐶𝑐  are ℝ𝑛𝑥 × 𝑛𝑥 , ℝ𝑛𝑥 × 𝑛𝑢 , ℝ𝑛𝑦 × 𝑛𝑥  matrices 

respectively, 𝑥 is the system states (angular displacement and 

angular velocity), 𝑦  is the analog sensor measurement 

provided by piezoelectric stage and 𝑤 and 𝑣 are zero-mean, 

normally distributed process and measurement noise 

respectively. For the sake of analysis and implementation, the 

system dynamics, as well as the analog sensor measurement, 

are discretized at sampling rate 𝑇: 

𝑥𝑘 = 𝐴𝑥𝑘−1 + 𝐵𝑢𝑘−1 + 𝑤𝑘−1 

𝑦𝑘 = 𝐶𝑥𝑘 + 𝑣𝑘        (2) 

where 𝑥𝑘 , 𝑢𝑘 , 𝑦𝑘  are discretized states, system input and 

analog sensor output respectively, 𝐴, 𝐵, 𝐶  are 

ℝ𝑛𝑥 × 𝑛𝑥 , ℝ𝑛𝑥 × 𝑛𝑢 , ℝ𝑛𝑦 × 𝑛𝑥  matrices respectively. wk  and vk 

are discretized process noise and measurement noise 

respectively, which are assumed to have zero-mean and 

normal distribution, with variance matrices of 𝑄 and 𝑅 with 

dimension of ℝ𝑛𝑥 × 𝑛𝑥.  

B.  Kalman Filter with Analog Sensor 

A Kalman filter with only analog sensor measurement 

available is defined as a baseline estimation scheme. The 

following equation shows the states estimation procedures.  

Prediction updates: 

�̂�𝑘
− = 𝐴�̂�𝑘−1

− + 𝐵𝑢𝑘−1 

𝑃𝑘 = 𝐴𝑍𝑘−1𝐴𝑇 + 𝑄        (3) 

Measurement updates: 

𝐾𝑘 = 𝑃𝑘𝐶𝑇(𝐶𝑃𝑘𝐶𝑇 + 𝑅)−1 

�̂�𝑘 = �̂�𝑘
− + 𝐾𝑘(𝑦𝑘 − 𝐶�̂�𝑘

−) 

𝑍𝑘 = (𝐼 − 𝐾𝑘𝐶)𝑃𝑘         (4) 

where 𝑃𝑘  is the a-priori error covariance matrix with 

dimension of ℝ𝑛𝑥 × 𝑛𝑥, 𝑍𝑘 is the a-posteriori error covariance 

matrix with dimension of ℝ𝑛𝑥 × 𝑛𝑥 , �̂�𝑘
−  is the a-priori 

estimated state, �̂�𝑘 is the a-posteriori error covariance and 𝐾𝑘 

is the optimal Kalman filter gain matrix with dimension of 

ℝ𝑛𝑥 × 𝑛𝑦. 

III. THRESHOLD SENSOR AND DETECTION 

This section describes the threshold sensor mechanism,  

threshold-crossing event detection algorithm as well as the 

method to quantify the variance of detection error.  

A. Threshold Sensor Mechanism 

The threshold sensor is designed to indicate when the system 

states cross pre-defined threshold values (specific angles in 

the context of this paper). The hardware of such sensor 

includes several sets of specifically designed and positioned 

capacitive sensors (Figure 1) and a sensing circuitry. The 

sensing circuitry consists of a feedback type ammeter [12]  to 

convert the sensing charge into voltage output. 

𝐺𝑡ℎ = 𝑉𝑏𝑅𝑠
𝑑𝐶𝑡ℎ

𝑑𝑡
         (5) 

where 𝑉𝑏 is the constant bias voltage applied to the 

capacitors. 𝑑𝐶𝑡ℎ/𝑑𝑡 is the change of capacitance w.r.t. time, 

𝑅𝑠, is the shunt resistance and 𝐺𝑡ℎis the voltage output. 

It is assumed that the threshold signal is subject to 

additive white Gaussian noise 𝑣𝑡ℎ with variance of 𝑅𝑡ℎ and a 

possible constant, unknown bias 𝑏𝑡ℎ, as noted in the equation 

below.  

𝑦𝑡ℎ = 𝐺𝑡ℎ + 𝑣𝑡ℎ + 𝑏𝑡ℎ        (6) 

It is worth pointing out that the threshold value is defined 

when the sensing electrodes are fabricated, depending on the 

application, it can be multiple sets for different threshold 

value measurement. For the sake of this study, we assume one 

set threshold sensor in the given sensing scheme and denote 

the threshold value to be 𝑀. 

B. Threshold-crossing event detection 

As shown in the upper and middle subplot of Figure 2, as 

the angular displacement of the piezoelectric stage crosses the 

threshold value, the value of the clean threshold signal 

changes rapidly from positive to negative (notice that the sign 

change of angular velocity at the bottom of the sinusoidal 

waves also result into threshold-crossings, but the slopes are 

less sharp). However, due to the corruption of noise and bias, 

the number of apparent crossing events can increase 

significantly, making it difficult to identify the true crossing. 

Without knowing the timing of right crossing event 

accurately, the calibration accuracy will be undermined, the 

timing of the threshold angle crossing will not be known. To 

resolve this issue, a threshold crossing detection method that 

is robust to noise and bias is needed. 

To detect the threshold crossing, a first derivative of 

Gaussian filter has been selected for optimal edge detection 

and localization performance [11]. The filter is extensively 

used in image processing and computer vision field to detect 

edges within pictures [12], detectable as sudden changes in 
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pixel values. We denote 𝑓 is the first derivative of Gaussian 

filter with filter width of 2𝑤 , and the filtered response is 

defined as 

𝐷 = ∫ 𝑦𝑡ℎ(−𝑥)𝑓(𝑥)𝑑𝑥
𝑤

−𝑤
      (7) 

The benefit of the such filter is that by simplify examining the 

local maxima of the filtered signal, one can pick the location 

threshold single crossing despite certain amount of noise and 

bias, as depicted in the lower subplot of Figure 2.  

C. Detection error and its variance 

Due to the existence of noise in the threshold signal, the 

detection of threshold crossing is not always accurate and the 

true crossing and detected crossing will have certain 

localization error. Such error in determining the true crossing 

time, noted as 𝑒𝑡, will result in error in the state estimation 

process. In order to evaluate its impact to the state estimation 

performance, the statistical attributes of detection timing error 

as relevant to estimator performance are derived using the 

following equations. First, threshold sensor measurement 

error at the true crossing timing, 𝑒𝑑 is approximated as 

 

Figure 2 Signals relevant to threshold crossing detection: Angular 

displacement (upper); threshold sensor signal (middle); and filtered threshold 
sensor signal (lower) vs. time. The local maxima of filtered response indicate 

threshold signal crossing.  

𝑒𝑑 ≈ �̇̂�𝑒𝑡           (8) 

where �̇̂� is the estimated derivative of states. The variance of 

𝑒𝑑, 𝑅𝑑 can then be computed as  

𝑅𝑑 = �̇̂�2𝑅𝑡          (9) 

where 𝑅𝑡 is the variance of 𝑒𝑡. By definition,  

𝑅𝑡 = 𝐸[𝑒𝑡
2] − 𝐸[𝑒𝑡]2       (10) 

and from [11], it is known that 

𝐸[𝑒𝑡
2] ≈

𝑅𝑡ℎ ∫ �̇�(𝜏)2𝑑𝜏
𝑤

−𝑤

[∫ �̇�(𝜏)�̇�𝑡ℎ(−𝜏)𝑑𝜏
𝑤

−𝑤  ]
2 ≈

𝑅𝑡ℎ ∫ �̇�(𝜏)2𝑑𝜏
𝑤

−𝑤

[∫ �̇�(𝜏)�̇�𝑡ℎ(−𝜏)𝑑𝜏
𝑤

−𝑤  ]
2 (11) 

where 𝑅𝑡ℎ is the variance of zero mean Gaussian noise 𝑣𝑡ℎ. 

Since 𝑣𝑡ℎ is has zero mean value, we know that  

𝐸[𝑒𝑡] = 𝐸 [
− ∫ 𝑣𝑡ℎ(𝑒𝑡−𝑥)�̇�(𝑥)𝑑𝑥

𝑤
−𝑤

∫ �̇�𝑡ℎ(−𝑥)�̇�(𝑥)𝑑𝑥
𝑤

−𝑤

] = 0.   (12) 

Notice that �̇�𝑡ℎreplaces �̇�𝑡ℎ in (11) and (12) due to the fact 

that �̇�𝑡ℎ is not available in practical implementation reality. 

While this can potentially introduce error, simulation results 

suggest that this approximation does not have a significant 

impact on estimation performance.  

D. Threshold detection implementation in discretized time 

domain  

The threshold detection is implemented in a discretized 

time domain. In this paper, the threshold sensor’s sampling 

rate chosen to be the same as the analog sampling rate, T. 

However, it is possible set them to be different to obtain 

potentially better estimation performance and take advantage 

of relative simplicity of threshold sensing hardware compared 

to analog capacitive sensing circuitry.  

In discretized time domain for, the filtered response of 

threshold sensing single 𝐷𝑘 is denoted as  

𝐷𝑘 = ∑ 𝑦𝑡ℎ_𝑗𝑓𝑘−𝑗+1
𝑤
𝑗=−𝑤       (13) 

where 𝑦𝑡ℎ_𝑘  and 𝑓𝑘  are the discretized threshold sensor 

measurement and derivative of Gaussian filter, respectively. 

The discretized threshold sensor measurement error at 𝑘𝑡ℎ 

step, 𝑒𝑑_𝑘 is approximated as 

 𝑒𝑑_𝑘 ≈ �̇̂�𝑘−1𝑒𝑡_𝑘        (14) 

where �̇̂�𝑘−1  is the estimated derivative of states at the 

previous step. Therefore the variance of 𝑒𝑑_𝑘 , 𝑅𝑑_𝑘  is 

computed as 

𝑅𝑑_𝑘 = �̇̂�𝑘−1𝑅𝑡_𝑘 �̇̂�𝑘−1
𝑇        (15) 

and the variance of𝑒𝑡_𝑘, 𝑅𝑡_𝑘 is calculated as 

𝑅𝑡_𝑘 =
𝑅𝑡ℎ_𝑑 ∑ �̇�𝑘−𝑗+1

2𝑤
𝑗=−𝑤

[∑ �̇̂�𝑡ℎ_𝑗
𝑤
𝑗=−𝑤 �̇�𝑘−𝑗+1 ]

2      (16) 

where 𝑅𝑡ℎ_𝑑 is the variance of threshold sensor measurement 

noise in discretized time domain. 

IV. KALMAN FILTER WITH HYBRID SENSING SCHEME AND 

ESTIMATION PERFORMANCE 

The estimation scheme was first introduced in work done 

by Edamana, et al. [5], in which the timing of threshold 

crossing events is perfectly known without any uncertainty. 

However, this is not true in most cases. This section thus 

characterizes such uncertainty on the threshold crossing event 

detection process and introduces it into the Kalman filter state 

estimation process, to quantify the estimation performance 

with the addition of threshold signal. 
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A. Kalman Filter with Hybrid Sensing Scheme 

When equipped with both an analog sensor and threshold 

sensor, the procedures for the Kalman filter update with 

measurement changes compared to that in Section II.B. If in 

current step the threshold crossing event detection result is 

negative, then all the estimation steps remains the same as 

standard Kalman filter estimation with analog sensor only, as 

shown in equations (3) and (4). However, if the threshold 

crossing event detection in current step is positive, obtained 

from the detection scheme in Section III, the optimal Kalman 

gain matrix, the a-posterior state estimate and estimate 

covariance matrix become 

𝐾𝑡ℎ_𝑘 = 𝑃𝑘𝐶𝑇(𝐶𝑃𝑘𝐶𝑇 + 𝑅𝑑_𝑘)−1 

�̂�𝑘 = �̂�𝑘
− + 𝐾𝑡ℎ_𝑘(𝐶𝑀 − 𝐶�̂�𝑘

−) 

𝑍𝑘 = (𝐼 − 𝐾𝑡ℎ_𝑘𝐶)𝑃𝑘        (17) 

where 𝐾𝑡ℎ_𝑘 is the optimal Kalman filter gain given threshold 

sensor measurement and 𝑀 is the theoretical threshold value 

pre-defined by capacitive sensor design.  

B. Derivations of State Estimation Error Covariance 

To evaluate the effectiveness of the Kalman filter 

estimation combining the normal analog sensor and the 

threshold sensor scheme, the total a-posterior state estimation 

error covariance with hybrid sensing scheme at 𝑘𝑡ℎ  step, 

denoted as 𝑍𝑡𝑜𝑡_𝑘 is derived as: 

𝑍𝑡𝑜𝑡_𝑘 = 𝑍𝑝𝑜𝑠_𝑘𝑃𝑝𝑜𝑠_𝑘 + 𝑍𝑛𝑒𝑔_𝑘𝑃𝑛𝑒𝑔_𝑘     (18) 

where 𝑍𝑝𝑜𝑠_𝑘  is the state estimation error covariance with 

positive detection results at 𝑘𝑡ℎ step, it is computed as  

𝑍𝑝𝑜𝑠_𝑘 = 𝐸[(𝑥𝑘 − �̂�𝑘)(𝑥𝑘 − �̂�𝑘)𝑇|𝑥𝑘 = 𝑀]𝑃𝑝𝑜𝑠_𝑘  (19) 

where 𝑃𝑝𝑜𝑠  is the probability of the system states cross 

threshold value 𝑀 at 𝑘𝑡ℎ step. Similarly, the state estimation 

error covariance with negative detection results at 𝑘𝑡ℎ step is 

denoted as 𝑍𝑛𝑒𝑔_𝑘, and it is computed as  

𝑍𝑛𝑒𝑔_𝑘 = 𝐸[(𝑥𝑘 − �̂�𝑘)(𝑥𝑘 − �̂�𝑘)𝑇|𝑥𝑘 ≠ 𝑀]𝑃𝑛𝑒𝑔_𝑘  (20) 

where 𝑃𝑛𝑒𝑔 is the probability of the system states not cross 

threshold value 𝑀 at 𝑘𝑡ℎ step, and  

𝑃𝑛𝑒𝑔 = 1 − 𝑃𝑝𝑜𝑠        (21) 

From (4) and (17) we know that 

𝐸[(𝑥𝑘 − �̂�𝑘)(𝑥𝑘 − �̂�𝑘)𝑇|𝑥𝑘 ≠ 𝑀] = (𝐼 − 𝐾𝑘𝐶)𝑃𝑘   (22) 

𝐸[(𝑥𝑘 − �̂�𝑘)(𝑥𝑘 − �̂�𝑘)𝑇|𝑥𝑘 = 𝑀] = 

(𝐼 − 𝐾𝑡ℎ_𝑘𝐶)𝑃𝑘(𝐼 − 𝐾𝑡ℎ_𝑘𝐶)
𝑇

− 𝐾𝑡ℎ_𝑘𝑒𝑑_𝑘𝐾𝑡ℎ_𝑘
𝑇   (23) 

In order to compute 𝑃𝑝𝑜𝑠, the probability mass function 

(PMF) of system state in the discretized time domain is 

modeled  as a Gaussian distribution with a mean of the 

a-posterior state estimation and a variance of  the a-posterior 

error covariance [13], i.e., 

𝑓𝑥𝑘
 ~𝒩 (�̂�𝑘 , 𝑍𝑘)         (24) 

then we can compute 𝑃𝑝𝑜𝑠_𝑘 by summing the values of the 

PMF in the vicinity of threshold value 𝑀. 

V. SIMULATION RESULTS 

This section describes  simulation results for the proposed 
estimator. The main focus is to explore the Kalman filter 
estimation performance with each sensing scheme, and the 
impact of threshold crossing event detection performance to 
the estimation results.  

A. Threshold crossing detection performance 

 

Figure 3 Angular position, analog sensor signal, threshold sensor signal, 
filtered threshold sensor signal vs. time.  

The simulation scheme is coded using Matlab software 
with discretized sampling rate of 60 kHz. In the simulation, 
the dynamic system is set to have damping ratio of 0.05 and 
resonant frequency of 500 Hz. The input is defined as 600 Hz 
sinusoidal excitation, which produces angular velocities in the 
physical stage comparable in magnitude to a sample 
gyroscope maximum range. The sampling rate is 60 kHz for 
both threshold and analog sensor. To give moderate 
disturbance and measurement noise, the variance of the 
process noise is chosen to be 10

-7
, and measurement noise for 

analog sensor and threshold sensor are chosen 9.24 × 10−5 
and 2.76 respectively. The threshold angle is defined at 0.01 
rad. The total width of the derivative of Gaussian filter is 
chosen to be 49 samples (half of sample numbers of one 
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period) and the variance for the Gaussian distribution is 
chosen to be 5 after optimization of detection result. 600 
periods of sinusoidal excitation are input to the system and the 
last 500 periods of the simulation results are taken for analysis 
to avoid the impact of transient system response. 

The angular positon of gyroscope actuator, analog sensor 

signal, threshold sensor signal and filtered threshold sensor 

signal vs time is depicted in Figure 3. Subplot (3) and (4) 

demonstrates that  despite the existence of bias and noise,  the 

detected threshold crossing matches the true threshold 

crossing with good accuracy.  

Figure 4 (upper) shows the detected and actual threshold 

crossing events within each period. During each period the 

angular displacement of the stage crosses the threshold angle 

twice, once near sampling location index 55, and once near 

90. Figure 4 (lower) shows the detection error distribution in 

terms of sampling steps. From the figure we can see that the 

mean of the detection error is about zero, and detection errors 

of more than one time step are rare.  

 

Figure 4 Detected and actual threshold crossing event in each corresponding 
period shows the threshold crossing events happens near sampling location 

index of 55 and 90 (upper) and detection error distribution in terms of 

sampling steps shows the of the detection error is normally distributed with 
zero mean (lower).  

B. Estimation performance 

As the goal of the Kalman filter is to minimize the a-posteriori 
estimate error covariance, it is proper to evaluate the 
observer’s performance by comparing the variance of the state 
estimation error throughout the operating period, i.e., the 
diagonal elements of matrix of 𝐸[(𝑥𝑘 − �̂�𝑘)(𝑥𝑘 − �̂�𝑘)𝑇]. In 
particular, for gyroscope calibration, variance in velocity 
estimates is a major source of calibration error. For the 
purpose of comparison in this paper, new metrics are defined 
by extending the definition show in equations (4) and (18). 
Two theoretical state estimation error variances, �̅�𝑡ℎ𝑒𝑜  and 

�̅�𝑡ℎ𝑒𝑜,𝑡𝑜𝑡 are defined by averaging  the diagonal elements of 

the a-posteriori error covariance matrices generated during the 
recursive estimation steps over steady state periods. Two 

simulated state estimation error variance, �̅�𝑠𝑖𝑚 , �̅�𝑠𝑖𝑚,𝑡𝑜𝑡  are 

obtained by computing the variance of the estimation error 

over the steady state periods. �̅�𝑡ℎ𝑒𝑜and �̅�𝑠𝑖𝑚 are for cases with 

Kalman filter with analog sensing scheme, �̅�𝑡ℎ𝑒𝑜,𝑡𝑜𝑡 and 

�̅�𝑠𝑖𝑚,𝑡𝑜𝑡  are for Kalman filter with hybrid sensing scheme. 

 

Figure 5 Comparison of error covariance of angular position.  

For the purpose of calibration of gyroscope, it is more 

beneficial to reduce the estimation error by large amount at 

certain sampling location rather reduce the estimation error 

over all sampling location by small amount, therefore it more 

interesting to analyze on the sampling location has best 

estimation error variance reduction. We hereby define the 

best reduction rate of state estimation error variance 𝜂𝐵  as 

following: 

𝜂𝐵 = �̅�𝑠𝑖𝑚,𝑡𝑜𝑡(𝑘𝑚𝑖𝑛) − �̅�𝑠𝑖𝑚(𝑘𝑚𝑖𝑛)/�̅�𝑠𝑖𝑚(𝑘𝑚𝑖𝑛)  (25) 

where 𝑘𝑚𝑖𝑛 is the sampling location indicates the minimum 

estimation error variance for �̅�𝑠𝑖𝑚,𝑡𝑜𝑡.The comparison of the 

estimation error variances for angular displacement (upper) 

and angular velocity (lower) are depicted in Figure 5. The 

locations of the two dips of the estimation error variances of 

angular displacement with the threshold sensor (red solid and 

dashed lines) show the reductions of the state estimation error 

variance that coincide with the average detected threshold 

event crossing locations. The best reduction rate of state 

estimation variance, 𝜂𝐵  for angular displacement is 43.7% 

(𝑘𝑚𝑖𝑛= 97), and the 𝜂𝐵 for angular velocity is 27.1% (𝑘𝑚𝑖𝑛 = 

71). This shows with the effect of the more accurate threshold 

sensor measurements for the Kalman Filter to utilize, as the 

state estimation error variances are reduced. The velocity 

variance also decreases when provided with more accurate 

measurements.  

Parameter sweeps have been done to investigate the 

impact of the properties of threshold sensors to the 

estimator’s performance. Both threshold sensor noise 

variance and the threshold location were varied as tabulated 
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in Table 1. The 𝜂𝐵  calculated from sweeping results are 

shown in Figure 6. The lowest average state estimation error 

variance w/ hybrid sensing was found and compared to the 

average state estimation error variance at same location w/ the 

baseline estimator.  

Table 1. Summary of representative sweeping parameters of threshold 

sensor. For sweep (a), the threshold location is set to be 0.02 rad, for sweep 

(b), the threshold sensor noise variance is set to be 1.84 × 10−4. 

Swept Parameter  Value 

(a) 𝑅𝑡ℎ_𝑑  (× 10−4) 0.92 1.84 2.76 3.68 4.60 

(b) 𝑀 (rad) 0.00 0.01 0.02 0.03 0.04 

As show in Figure 6, increasing threshold sensor noise 

reduces the improvement of state estimation error variance. 

This is because increasing threshold sensor noise will 

increase threshold crossing detection error. As a 

consequence, the advantages of having precise knowledge of 

certain angular displacements brought by threshold sensor 

diminish.  

 

Figure 6 Reduction rate of state estimation error variance in threshold sensor 
noise variance sweep (left) and threshold location sweep (right).  

The threshold location sweep suggests that as the 

threshold location moves further away from the zero rad 

position, the best reduction will decrease. This is because the 

threshold crossing angular velocity of the stage is slower 

when the threshold location is far away from the neutral stage 

position; the slower velocity therefore reduces the slope of the 

threshold crossing signal and increases the detection error, 

result into worse estimation performance.  

VI. CONCLUSION 

In this paper, a novel hybrid sensing and estimation 

scheme is introduced for a piezoelectric micro-actuator 

intended for gyroscope calibration. The sensing scheme 

incorporates a periodically updating analog sensor and an 

event-based threshold sensor having higher accuracy at a 

pre-defined threshold value. A derivative of Gaussian filter is 

adopted in assisting detecting threshold crossing event  in the 

presence of threshold sensor noise and bias. To estimate the 

gyroscope states, a Kalman filter is applied with the above 

hybrid sensing scheme. The impact of detection error to the 

estimation performance has been evaluated in terms of  state 

estimation error variance, which is commonly neglected in 

estimation with comparable asynchronous sensing events by 

previous researchers. Simulation results shows that states 

estimation error covariance predictions derived from 

statistical behavior of the derivative of Gaussian filter are 

effective in predicting the performance of Kalman filter with 

hybrid sensing scheme. As demonstrated, the error variance 

of states estimation has been reduced by 43.7 % around 

threshold location. And parametric sweeps shows such the 

estimation performance is improved most significantly when 

threshold sensing features low noise and threshold crossings 

occur at high angular velocity. 
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